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APPLICATIONS    OF    PERCENTAGE. 


I  NTER  E ST  . 

Interest  is  the  sum  which  the  lender  of  money  charges  the 
borrower  for  the  use  of  the  sum  borrowed,  or  which  a  creditor 
charges  a  debtor  for  allowing  his  debt  to  remain  unpaid  after  it 
has  become  due. 

The  Principal  is  the  sum  borrowed  or  due. 

The  Amount  is  the  sum  total  of  principal  and  interest. 

The  Rate  of  Interest  is  always  expressed  as  the  rate  per 
cent,  of  the  principal  which  would  be  charged  for  its  use  for 

ONE  YEAR. 

The  Time  is  the  period,  expi-essed  in  years,  for  which  interest 
is  reckoned. 

Simple  Interest  is  interest  reckoned  on  the  original  prin- 
cipal and  on  it  alone  for  the  whole  term  during  which  that 
principal  bears  interest. 

Compound  Interest  is  interest  which  is  reckoned  for 
stated  periods  and  added  at  the  end  of  each  period  to  the  prin- 
cipal on  which  it  was  reckoned,  the  amount  or  sum  total  of 
principal  and  interest  at  the  end  of  each  period  becoming  the 
principal  for  the  succeeding  period. 

It  is  as  if  the  original  principal  had  been  loaned  at  simple 
interest  for  the  first  period,  then  the  amount  from  that  period 
loaned  for  the  next  period,  the  second  amount  loaned  for  the 
third  period  and  so  on,  a  new  loan  of  the  sum  total  of  principal 
and  all  accrued  interest  being  entered  upon  at  the  beginning  of 
each  period.  Thus  compound  interest  reckons  interest  upon 
interest. 

The  names  Annual,  Semiannual,  Quarterly  and 
Monthly  Interest  are  applied  to  interest  which  is  payable 
at  the  end  of  each  year,  half-year,  quarter-year  or  month,  as 
the  case  may  be,  throughout  the  time  during  which  the  principal 
bears  interest. 

Annual  or  other  periodically  payable  interest  differs  from 
simple  interest  in  that  it  is  to  be  paid  at  stated  intervals  while 
simple  interest  is  not  due  and  collectible  until  the  principal 
matures. 
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Annual  or  other  periodically  payable  interest  diflfers  from 
compound  interest  in  that  it  like  simple  interest  is  reckoned  on 
the  original  principal  and  on  it  alone  while  compound  interest  is 
computed  for  each  period  on  the  original  principal  increased  by 
all  accinied  interest.  In  effect,  however,  periodically  paid  inter- 
est is  equivalent  to  compound  interest,  for  the  borrower  loses 
the  use  of  the  money  he  pays  as  interest  at  the  end  of  each 
period  and  the  lender  gains  the  use  of  it,  and  the  value  of  this 
use  is  assumed  to  be  interest  at  the  rate  paid  on  the  principal. 
Hence,  in  calculations  concerning  periodic  payments,  the  methods, 
not  of  simple  hut  of  compmmd  interest,  shordd  be  employed.  For 
example,  it  is  usual  with  savings  banks  which  pay  annual  inter- 
est to  credit  each  depositor  at  the  end  of  every  interest  year 
with  all  interest  on  his  deposit  accrued  but  undrawn,  treating 
such  interest  as  a  new  deposit,  the  net  result  being  that  the 
banks  pay  compound  interest. 

If  interest  which  is  by  agreement  to  be  paid  at  specified  inter- 
vals, is  not  so  paid,  and  the  lender  has  to  collect  it  by  process 
of  law,  the  courts  have  authority  to  grant  at  their  discretion 
simple  interest  on  the  accrued  periodic  interest.  The  interest 
upon  interest,  if  thus  granted,  is  styled  damages  and  its  maxi- 
mum rate  is  the  legal  rate  of  six  per  cent,  per  annum. 

The  Present  "Worth  at  a  specified  rate  of  interest  of  a  bill 
or  a  promissory  note  is  the  sum  of  money  which  put  out  at 
interest  at  the  specified  rate  will  when  the  bill  is  due  or  the  note 
matures  amount  to  the  sum  due  on  bill  or  not|. 

SIMPLE      INTEREST. 

Problems  in  simple  interest  involve  the  consideration  of 
principal,  rate,  time,  interest  and  amount ;  and  any  three  of 
these  being  known  the  other  two  may  be  determined,  for  by 
definition : 

1°.  Ths  simjyle  interest  is  the  continued  product  (f  the  principal, 
tlie  rate  jyer  unit  aiid  the  numeric  of  the  time. 

2^.  The  amount  is  the  svm  of  the  principal  and  the  interest. 
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Example.— Find  the  amount  of  §756'80  in  four  months  from  23rd  May  at  7%. 

From  23rd  May  to  23rd  Sept.  =  123  dy.=^|f  yr. 
3756-80     =  Principal. 
7%=  '07  =  Rate  of  interest  per  year. 

52-9760= Interest  for  1  year. 

1  23 
■ff¥T 


|^of?52-976=    17-85      =Tnterest  for  123  days. 
756-80      =  Principal. 

$771'65      =  Amount. 


EXERCISE     LXXVI. 

Find  the  simple  interest  on  and  the  amount  of  : — 
1.  $150  for  2  yr.  at  6%.  5.  $81-75  for  3^  yr.  at  4^%. 

S.  $215  for  3  yr.  at  5%.  6.  $188-65  for  146  da.  at  7%. 

S.  $347-50  for  4  yr.  at  4%.         7.  $375  for  93  da.  at  6%. 
4.  $167-80  for  1^  yr.  at  6%.      5.  $176-40  for  126  da.  at  5^%. 

9.  An  account  for  $446-50  due  on  the  21st  of  May  \^^as  not 
paid  till  13th  August.  Find  the  interest  on  it  for  that  period 
at  6%. 

10.  A  merchant  purchased  on  the  17th  September,  1887, 
goods  amovmting  to  $70(J.40.  He  was  allowed  3  months' 
credit  on  the  purchase,  after  which  he  was  charged  interest 
at  the  rate  of  7i%  per  annum.  He  did  not  pay  his  account 
till  the  3rd  March,  1888.     Find  its  amount  at  that  dat«. 

11.  A  merchant  purchased  on  the  13th  February,  1885, 
goods  amounting  per  catalogue  prices  to  $863*45,  subject  to 
25  and  15  off.  He  is  allowed  one  month's  credit  from  date 
of  purchase,  after  which  he  is  charged  interest  at  9%.  Find 
the  amount  of  the  account  on  19th  July,  1885. 

IS.  At  what  rate  would  $125  yield  $15  interest  in  2  yr.  ? 

13.  At  what  rate  of  interest  would  $225  amount  to  $231  in 
189  da.? 

14.  At  what  rate  will  a  sum  of  money  at  simple  interest 
double  itself  in  20  years  ? 

15.  At  what  rate  will  a  sum  of  money  at  simple  interest 
quadruple  itself  in  50  years  ? 

16.  In  what  time  will  $273-85  yield  $28-86  simple  interest 
at6%? 

17.  In  what  time  would  $401-50  amount  to  $410.30  at  6^%  ? 

18.  A  debt  of  $175  became  du  '  on  13th  June  after  which 
date  interest  was  charged  at  the  rate  of  7%.  When  the 
debt  was  paid  the  interest  accrued  on  it  was  $4-10.  When 
was  the  debt  paid  ? 


160  ARITHMETIC. 

19.  In  what  time  will  a  sum  of  money  double  itself  at  5% 
simple  interest  ? 

20.  In  what  time  will  a  sum  of  money  triple  itself  at  8% 
simple  interest  ? 

21.  The  proceeds  of  a  note  for  $137 ;50  discounted  40  days 
before  maturity,  were  $136"30.  What  was  the  rate  of  dis- 
count charged  on  the  face  of  the  note  and  what  was  the  rate 
of  interest  paid  on  the  proceeds  ? 

22.  Find  the  discount  off  $385-77  due  86  days  hence,  (i)  at 
8%  discount,  (ii)  at  8%  interest.  Show  that  the  difference 
between  amounts  (i)  and  (ii)  is  the  interest  at  8%  on  (i)  or 
the  discount  at  8%  off  (ii). 

23.  What  rate  of  interest  is  eqviivalent  to  10%  discount, 
the  term  of  discount  being  one  year  ? 

24.  What  rate  of  interest  is  equivalent  to  10%  discount, 
the  term  of  discount  being  95  days  ? 

COMPOUND      INTEREST 

Compound  Interest  is  interest  which  is  computed  for 
stated  periods  and  added  at  the  end  of  each  period  to  the  prin- 
cipal on  which  it  was  computed,  the  sum-total  of  principal  and 
accrued  interest  at  the  end  of  each  period  becoming  a  new  prin- 
cipal on  which  interest  is  computed  for  the  next  succeeding 
period . 

The  interest  is  said  to  be  compounded  annually,  semi-an- 
nually, quarterly,  monthly, according  as  the  addition  of 

interest  to  principal  is  made  every  year,  half-year,  quarter-year, 
month,  or  other  interval. 

In  stating  the  rate  of  interest,  one  year  is  taken  as  the  unit 
of  time  but  it  is  not  expressed,  and  the  rate  is  reduced  to  an 
annual  rate  as  if  it  were  for  simple  interest.  Thus  4%  com- 
pounded semi-annually  does  not  mean  4%  per  half-year  but  2% 
per  six  months,  the  full  phrase  being, — "4%  per  annum  but 
compounded  semi-annually."  A  rate  expressed  in  this  way  as 
if  it  were  a  simple  interest  rate  is  called  a  nominal  rate  to 
distinguish  it  from  the  actual  or  effective  rate.  A  nommal  rate 
of  6%  compounded  quarterly  is  an  actual  rate  of  1\%  per  quarter- 
year,  and  a  nominal  rate  of  12%  compounded  monthly  is  an 
actual  rate  of  1%  per  month. 
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Example. — If  $1250  deposited  in  a  savings-bank,  draw  inter- 
est at  4%  payable  semi-annually,  the  interest  accrued  and  due 
at  the  end  of  the  first  half-year  will  be  -02  of  81250  which  is 
$25-00.  If  this  ^25 -00  be  not  drawn  it  will  be  placed  to  the 
credit  of  the  depositor,  making  his  deposit  $1275. 

The  interest  for  the  second  half-year  will  be  computed  on  the 
increased  deposit  and  will  therefore  be  "02  of  $1275  which  is 
$25 '50.  If  this  $25  50  be  not  drawn  it  will  be  placed  to  the 
credit  of  he  depositor,  making  his  deposit  $1300*50  at  the 
beginning  of  the  third  period  of  six  months. 

The  interest  for  the  third  half-year  will  be  computed  on  the 
$1300-50  deposit  and  will  therefore  be  -02  of  $1300-50  which  is 
$26-01.  This  sum,  if  it  be  not  drawn,  will  be  added  to  the 
$1300-50  making  a  total  of  $1326-51  at  the  credit  of  the  deposi- 
tor at  the  end  of  18  months. 

Thus  $1250  at  4%  interest  compounded  semi-annually  will  in 
a  year  and  a  half  amount  to  $1326-51 ;  and  the  compound 
interest  at  the  specified  rate  and  for  the  stated  time  will  be 
$1326-51  -  $1250= $76-51. 

Computation.     $1250       =  original  amount  or  principal. 
1 -02  =  raie  of  increase  in  amount. 


25-00 

1250 

$1275       =  amount  at  end 

of  1st 

period. 

1-02 

25-50 

1275 

$1300 -50  =  amount  at  end  of  2nd 

I  period, 

1-02 

26-0100 

1300-50 

$1326 -51  =  amount  at  end  of  3rd  period. 
ill) 
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EXERCISE     LXXVII. 

Find  the  amount  and  the  compound  interest  of  : — 
II.  $800  for  3  years  at  5%  compounded  annually. 
I  ^.  $425  for  4  years  at  4%  compounded  annually. 
I  S.  $250  for  2  years  at  6%  compounded  semi-annually. 
v4.  $366 '67  for  2^  years  at  4%  compounded  semi-annually, 

5.  $722*50  for  1^  years  at  4%  compounded  quarterly. 

Find  correct  to  six  significant  flgiu'es  the  amount  of  $1  at 
compound  interest  at  6%  for  one  year,  interest  compiounded: 

6.  annually.  7.  semi-annually.  ><  8.  quarterly. 

Find  correct  to  six  significant  figures  the  rate  of  increase 
-4n  the  amount  of  $1  at  5%  interest  compounded  annually  for 
9.  three  years.  10.  five  years.  11.  seven  years. 

Find  correct  to  six  significant  figures  the  rate  of  increase 
in  the  amovmt  of  $1  at  4%  interest  compounded  quarterly  for 
uj^'  one  year.  13.  two  years.  I4.  three  years. 

PARTIAL,      PAYMENTS. 

A  Partial  Payment  is  a  payment  of  only  a  part  of  a  debt 
and  its  accrued  interest. 

A  Receipt  Indorsement  is  an  acknowledgment  of  the 
receipt  of  a  partial  payment  written  on  the  })ack  of  a  note, 
mortgage  or  other  documentary  evidence  of  debt,  stating  the 
amount  and  the  date  of  the  payment. 

When  partial  payments  have  been  made  on  an  interest-bear- 
ing note  or  other  obligation,  the  balance  unpaid  and  due  at  any 
given  date  may  be  found  as  follows : — 

Find  the  interest  on  the  principal  from  the  date  of  tlie  note  or 
other  obligation  to  the  date  of  the  first  partial  payment. 

(a)  If  the  first  partial  payment  is  eqnal  to  or  exceeds  the  interest 
thus  found,  siihtract  the  first  payment  from  the  sum  of  the  princi- 
pal and  its  a^rued  interest,  and  consider  the  remainder  as  a  new 
principal. 

(b)  If  the  first  particd  payment  is  less  than  the  interest  thus 
found,  find  the  interest  on  the  principal  to  tlie  date  of  the  next  or 
of  the  earliest  s^ibsequent  partial  payment  at  which  the  srom  of  the 
payments  equals  or  exceeds  the  iMerest  dice  at  such  date,  and 
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subtract  the,  sum  of  the  payments  to  that  date  from  the  sum  of  the 
principal  and  its  accrued  intereat  to  that  date,  and  consider  the 
remainder  as  a  neiv  principal. 

Similarly  find  the  interest  on  the  new  principal  to  tlie  date  of 
the  next  partial  paijment.  If  that  payment  he  equal  to  the  interest 
thus  found  or  if  it  be  greater  than  the  interest,  proceed  as  in  (a); 
hut,  if  the  paijment  he  less  than  the  interest,  proceed  as  in  (b). 
So  continue  to  the  date  of  settlement. 

A  partial  payment  in  excess  of  the  accrued  interest  will  have 
the  effect  of  reducing  the  principal,  since,  after  discharging  such 
accrued  interest,  there  will  remain  a  surplus  to  be  so  applied. 

A  partial  payment  less  than  the  accrued  interest  will  not 
reduce  the  principal  since  such  payment  is  not  sufficient  to  dis- 
charge the  accrued  interest  which  must  first  he  paid.  No  new 
principal  should  exceed  the  preceding  principal,  for  such  excess 
could  arise  only  by  the  addition  of  interest  to  that  preceding 
principal,  and  the  effect  would  be  to  compute  interest  on  inter- 
est, in  computing  the  interest  on  the  new  principal. 

EXERCISE     LXXVIII. 

1.  On  a  note  for  $620  on  demand,  dated  Oct.  18,  1888,  and 
drawing  6%  interest  are  indorsed  the  following  payments  : 
Nov.  26,  1888,  $47-50;  Dec.  28,  1888,  $108-93;  Feb.  11,  1889, 
$216-18;  June  6,  1889,  $60-10;  Sep.  2,  1889,  $183-25.  How 
much  w£ts  due  on  the  note  on  Nov.  11,  1889  ? 

3.  On  a  mortgage  for  $375C  dated  May  16,  1887,  and  beat- 
ing interest  at  6%,  there  were  paid  May  16,  1888,  $350 ;  Sept. 
18,  1888,  ,$280;  Jan.  22,  1889,  $750;  May  16,  1889,  $925;  Oct. 
31,  1889,  $500.  What  sum  was  due  on  the  mortgage  on  Jan. 
2,  1890  ? 

3.  How  n\uch  was  due  on  the  following  note,  on  Oct.  31, 
1889? 
$850.  ■  Toronto,  Oct.  31,  1887. 

For  value  received,  I  promise  to  pay  Alex.  Thompson  or 
order,  on  demand.  Eight  hundred  and  fifty  Dollars,  with 
interest  from  date  at  six  per  centum.  John  Stuart. 

On  this  note  the  following  payments  were  indorsed. 
April  20,  1888,  $125.  Jan.  21,  1889,    $75. 

Nov.  20,  1888,  $125.  July  20, 1889,  $425i. 
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AVERAGING      ACCOUNTS. 

When  one  person  owes  another  several  amounts  due  at  diflFer- 
ent  times,  the  date  on  which  all  these  debts  may  be  discharged 
by  payment  of  their  sum,  without  loss  of  interest  to  either  the 
debtor  or  the  creditor  is  called  the  Average  Date  or  Equated 
Time. 

Example. — A  bought  goods  of  B  as  follows : — May  17,  $200  at 
30  days'  credit ;  June  3,  $250  at  60  days'  credit ;  June  12,  $210 
at  90  days'  credit.  On  July  5,  A  paid  B  $300  on  account.  Find 
the  equated  time  for  paying  the  balance. 

.  Had  A  paid  B  $200  +  $250  +  $210  =  $660  on  May  17,  B  would 
have  gained  the  interest  on  $200  for  30  days,  the  interest  on 
$250  for  77  days  and  the  interest  on  $210  for  116  days. 

But  if  A  delay  from  May  17  to  July  5  to  pay  $300  of  the  $660, 
B's  gains  will  be  reduced  by  the  interest  on  the  $300  for  49  days, 
the  number  of  days  of  delay. 

And  if  A  defer  the  payment  of  the  $360,  balance  of  the  $660, 
until  the  equated  date,  B  will  lose  the  balance  of  the  interest  he 
would  have  gained  had  all  the  payments  been  made  on  May  17. 

Interest  on  $200  for  30  da.  =  Int.  on  $1  for  30  da.  x  200 = Int.  on  $1  for  6000  da 
250  "  77  "  =  "  "  77  "  x250=  "  "  19250  " 
210  "116    "  =        "  "     116  "    X210-        "        "       21330  " 

$660  "       "      49610  da. 

300  for  49  da.  =  Int.  on  $1  for  49  da.  x  300=      "       "      14700  " 
*"  $360  for  equated  time  =       "        "       34910  da. 

$1  for 34910  da.=Int.  on  $360  for  mi'^  da.= 

Int.  on  $360  for  97  da. 
Therefore  the  equated  h'me=97  days  after  May  17  =  Aug.  22. 

If  any  of  the  items  include  cents  omit  the  cents  in  the  cal- 
culation, and  take  the  nearest  number  of  dollars  to  the  amounts 
of  the  items. 

The  method  of  determining  the  equated  time  of  an  account, 
which  is  exhibited  in  the  preceding  solution,  is  based  on  the 
assumption  that  what  the  debtor  gains  by  retaining  certain  synis 
after  they  become  due  he  loses  by  paying  other  sums  before  these 
become  due,  but  as  both  gains  and  losses  are  computed  on  the 
full  amounts  of  the  items,  while  the  actual  gain  is  the  interest 
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on  the  amounts  of  the  deferred  payments  and  the  actual  loss  is 
the  interest  on  the  present  worth  of  the  anticipated  payments, 
it  is  evident  that  the  solution  is  not  absolutely  correct.  How- 
ever, in  ordinary  business  transactions,  the  error  is  too  small  to 
materially  affect  the  result. 

EXERCISE     LXXIX. 

Find  the  equated  date  of  payment  of 

r^  1.   Sep.  3  $350  (5)  60  da.       2.   Aug.  27,  $325  (5)  60  da. 

$520  @  90  da.         Sept.  20,  $280  @  30  da. 

"        $175  @  30  da.  Oct.    31,  $784  @  90  da. 

5.  On  May  2,  goods  amounting  to  $1250  were  purchased  on 
the  following  t^rms ;  $400  payable  in  30  days,  $500  payable 
in  60  days  and  the  balance  payable  in  90  days.  Find  the 
equated  aate  for  the  payment  of  the  whole  bill. 

^.  A  house  was  sold  for  $9500  on  the  following  terms, 
one-third  in  cash,  one-half  in  twelve  months  and  the  remain- 
ing sixth  in  eighteen  months.  Find  the  equated  time  for 
the  payment  or  the  entire  sum.     k^ 

>f  5.  On  Sep.  19,  a  commission  merchant  received  a  consign- 
ment of  600  barrels  of  apples.  He  sold  120  barrels  at  $2*25 
on  Sept.  24;  75  barrels  at  $2*30  on  Sep.  27;  150  barrels  at 
$2-40  on  Oct.  7th ;  150  barrels  at  $2-35  on  Oct.  22 ;  and  the 
balance  at  $2'^  on  Nov.  18.  Find  the  equated  date  of  the 
total  sales. 

6.  Henry  Simpson  sold  A.  Thomson  &  Co.  merchandise  as 
follows  :  Sep.  1,  225  bbl.  flour  @  $6,  on  30  days'  credit ;  Sep. 
9,  180  bbl.  of  pork  averaging  208  lb.  @  Hi  ct.,  on  60  days' 
credit ;  Sep.  17.  150  doz.  eggs  @  16  ct.  per  dozen  on  2  months' 
credit ;  Oct.  7,  572  lb.  bacon  @  13^  ct.  on  3  months'  credit ; 
Nov.  10,  460  lb.  butter  @  2U  ct.  on  90  days  credit.  Find  the 
equated  date  for  the  payment  of  the  sum-total  of  the  sev^eral 
bills. 

^7.  A  sold  to  B  on  March  4,  goods  amounting  to  $728  on 
3  months'  credit.  On  Ap.  2,  B  paid  $450  on  this  purchase. 
Find  the  eqiiated  date  when  the  balance  is  due. 

'^8.  A  holds  three  promissory  notes  made  by  B,  one  is  for 
$245.60  payable  in  3  months  from  Feb.  13,  1&S9 ;  another  is 
for  $425  payable  60  days  after  date  of  Mar.  5.  1889 ;  and  the 
third  is  for  $186-25  and  is  dated  Ap.  3,  1889,  and  payable  90 
days  after  date.  On  Ap.  17,  1889,  B  offers  to  pay  $500  on 
tlte  notes,  and  give  in  exchange  for  them  a  single  note  for 
the  balance  on  them  vinpaid.  When  should  the  single  note 
be  payable  ? 
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STOCKS    AND     BONDS. 

A  Corporation  or  Incorporated  Company  is  an  associa- 
tion of  persons  authorized  by  law  to  transact  business  as  a 
single  individual.  The  powers,  rights,  duties  and  obligations 
of  a  corporation,  as  such,  are  distinct  from  those  of  the  mem- 
bers forming  it. 

The  capital  of  a  corporation  or  of  a  public  company  is  usually 
divided  into  a  definite  number  of  equal  parts  called  Shares. 
A  share  commonly  represents  ^100  (or  £100)  of  the  original 
capital  of  the  corporation,  but  in  some  cases  it  represents  as 
low  as  $1  (or  £1)  of  it  and  in  other  cases  as  high  aa  ^1000  (or 
£1000)  of  it. 

Any  number  of  shares  in  a  corporation  or  any  amount  of  its 
capital  is  called  Stock,  but  in  the  United  States  this  term  is 
also  used  distinctively  for  shares  of  $100  each,  shares  of  $50  and 
$25  being  called  half-stock  and  quarter-stock  respectively. 

The  proprietors  of  shares  in  a  corporation  or  in  a  public  com- 
pany are  called  shareholders  or  stockholders.  Each  owner 
of  stock  may  sell  his  shares  or  otherwise  transfer  them  to 
another  person  without  the  consent  of  the  other  shareholders. 

A  Stock  Certificate  is  an  instrument  issued  by  a  corpora- 
tion, certifying  that  the  holder  thereof  owns  a  stated  number 
of  shares  of  the  cajjital  stock  of  the  corporation. 

The  Par  Value  of  a  share  is  the  value  which  is  specified 
upon  the  face  of  the  certificate  for  the  share,  and  represents  the 
amount  of  capital  stock  for  which  it  was  originally  issued. 

The  Market  Value  of  a  share  is  the  sum  for  which  it  can 
be  sold. 

Stock  is  said  to  be  above  par  or  at  a  premium  when  the  market 
value  of  the  shares  is  greater  than  their  par  value  ;  it  is  said  to 
be  below  par  or  at  a  discount  when  the  market  value  of  the 
shares  is  less  than  their  par  value. 

A  Dividend  is  the  part  of  the  net  earnings  or  profits  »f  a 
corporation  or  a  public  company,  which  is  divided  among  the 
stockholders  thereof.     Dividends  are  usually  declared  annually, 
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semi-annually,  or  quarterly  at  a  specified  rate  per  cent,  of  the 
par  value  of  the  stcck. 

Preferred  Stock  is  that  part  of  the  capital  stock  of  a  cor- 
poration on  which  a  specified  percentage  is  payable  annually 
out  of  the  net  earnings,  before  any  dividend  can  be  declared  on 
the  ordinary  stock. 

A  Bond  or  Debenture  is  a  written  obligation  to  pay  the 
holder  thereof  a  certain  sum  of  money  at  the  expiry  of  a  certain 
term  of  years,  and  interest  thereon  at  a  specified  rate  per  cent, 
at  stated  intervals.  Bonds  and  debentures  are  issued  for  money 
borrowed  by  the  General  and  Local  Governments  and  by  muni- 
cipal and  business  corporations.  Debentures  frequently  charge 
certain  specified  property  with  the  repayment  of  the  money 
borrowed  on  them ;  in  such  cases  the  debentures  are  practically 
mortgages  on  the  property. 

An  Interest  Coupon  is  an  interest  certificate  payable  to 
bearer,  printed  at  the  bottom  of  bonds  and  debentures  given 
for  a  term  of  years.  There  are  as  many  coupons  attached  to 
each  bond  as  there  are  instalments  of  interest  to  be  paid  on  it, 
a  coupon  for  each  instalment.  Each  coupon  is  cut  off  and  pre- 
sented for  payment  when  the  interest  for  the  period  mentioned 
in  it  becomes  due. 

Consols,  i.e..  Consolidated  Annuities  are  British  Government 
securities  bearing  3%  interest.  These  with  the  other  British 
Government  securities  for  which  permanent  provision  has  been 
made,  the  most  important  of  which  are  the  Reduced  Annuities 
and  New  three  per  cent.  Annuities,  are  in  England  termed  the 
Public  Funds. 

Rentes  {i.e.  Annuities)  are  French  Government  securities 
bearing  various  rates  of  interest. 

Stock  Brokers  are  persons  who  deal  in  stocks,  bonds  and 
similar  securities.  When  a  stock  broker  buys  or  sells  for  a 
principal  he  charges  a  commission,  technically  termed  brokerage, 
which  ranges,  according  to  circumstances  and  previous  agree- 
ment, from  -jV  of  1%  to  ^  of  1%  of  the  par  value  of  the  securities 
bought  or  sold,  the  most  common  rate  being  ^  of  1%.  Occasion- 
ally special  rates  are  agreed  upon  and  paid. 
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In  England,  stock  brokers  do  not  deal  directly  with  each 
other  but  sell  to  or  buy  from  stock-jobbers  who  act  for  them- 
selves and  make  their  profits  out  of  the  turn  of  the  market. 

In  Canada  and  the  United  States,  stock  quotations  usually 
state  only  the  rates  per  cent,  which  the  market  values  of  tlio 
stocks  and  bonds  quoted  bear  to  their  par  values ;  but  in  Eng- 
land quotations  of  other  than  government  securities  generally 
give  the  price  per  share  or  per  bond. 

The  following  is  an  illustrative  example  of  a  stock  report  and 
quotations  :  — 

The  closing  prices  on  the  Stock  Exchange  to-day  (Aug.  10, 
1893),  were  as  follows  : 
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It  will  be  seen  from  this  report  that  in  Toronto  on  Aug.  10, 
1893,  sellers  of  Bank  of  Montreal  stock  were  offering  it  at  the 
rate  of  $222  cash  per  $100  stock  and  as  each  share  represents 
$200  of  stock,  sellers  were  really  asking  $444  per  share. 
The  report  also  shows  that  buyers  of  Bank  of  Montreal  stock 
were  offering  for  it  214%  of  its  par  value,  i.e.,  were  offering 
per  share  for  it. 
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Other  forms  of  report  may  be  seen  in  the  "  Financial 
Columns  "  of  the  Toronto  and  Montreal  daily  newspapers  and  in 
the  "  Share  Lists  "  of  any  Stock  Exchange. 

Example  1. — Find  the  price  at  140|  of  40  shares  ($40  each) 
of  Western  Assurance  Co.  stock,  bi-okerage  |%. 

Par  value  of  stock  =  $40  x  40=^1600. 

Rate  i^aid  =  140|%  + 1%  =  l-40i. 

Cost  of  stock  =  $1600  X  1  -401  =  $2254. 

Example  2. — I  sold  500  shares  of  Bank  of  Montreal  stock  at 
224|  and  invested  the  proceeds  in  Bank  of^Commerce  stock  at 
124J,  paying  |%  brokerage  on  each  transaction.  Find  the 
increase  in  my  annual  income,  the  Bank  of  Montreal  paying  a 
half-yearly  dividend  of  6%,  the  Bank  of  Commerce  a  half- 
yearly  dividend  of  85%. 

Par  value  of  B.  of  M.  stock  =  $200  x  500  =  $100, 000. 

Rate  received  =  224|%-^%  =  2 •24f. 

Amount  to  be  invested  =  $100, 000  x  2  •24f  =  $224,625. 

Rate  paid  for  B.  of  C.  stock  =  124J% -h  ^% -1 -241. 

Price  of  1  share  of  B.  of  C.  stock  =  $50x  1 -241  =  $62-1875. 

Number  of  shares  bought  is  the  integral  part  of 

$224625  ^t?62- 1875 

which  is  3612 
and  there  is  $2*75  of  cash  over. 

Par  value  of  3612  shares  of  B.  of  C.  stock  =  $180, 600. 
2  dividends  at  5%  each  on  $100,000  of  B.  of  M.  stock 

=  $100000  X- 10  =  $10000. 
2  dividends  at  2\%  each  on  $180600  of  B.  of  C.  stock 

=- $180600  X  -07  =  $12642. 
Increase  of  annual  income  =  $12642  -  $10000  -  $2642. 


-f 


1 70  ARITHMETIC. 


EXERCISE     LXXX. 

Find  the  cash  value  of 
'  i.  25  shares  Ontario  Bank  at  131. 
0  2.  18       "      Standard  Bank  at  137|. 
(/  3.  75       "      Bank  of  Toronto  at  218. 
0  4.  250      "      ($50)  Dominion  Telegraph  Co.  at  83f . 
C?  5.  950      "      ($100)  Canadian  Pacific  R.  R.  at  72|. 
^6.350      "      ($24-33J)  North  West  Land  Co.  at  79|. 

(^  7.  Sold  through  a  broker  1500  shares  ($100)  of  Jersey 
Central  R.  R.  stock  at  121^,  brokerage  §%.  What  were  the 
net  proceeds  of  the  sale  ? 
C  8.  Bought  through  a  broker  1600  shares  ($100)  St.  Paul 
R.  R.  stock  at  69|,  brokerage  |%.  What  was  the  gross  cost 
of  the  stock  ? 

a    9.  A  specvilator  bought  36500  shares  ($100)  Reading"  R.  R. 
tock  at  39|  and  sold  them  at  40|.     What  was  his  gain  on 
the  transaction  ? 

C  10.  A  man  bought  through  a  broker  1900  shares  ($100) 
Canada  Southern  R.  R.  stock  at  54f  and  sold  them  at  55f. 
What  was  his  net  profit  on  the  transaction,  brokerage  each 
way  i%  ? 

(l  11.  A  man  bought  through  a  broker  76(X)  shares  ($100)  of 
Lake  Shore  R.  R.  stock  at  1071  and  sold  2400  shares  at  107i' 
and  the  remainder  at  107^.  What  was  the  amount  of  his 
losses  on  the  transactions,  brokerage  being  \%  each  way  ? 

/)  12.  A  bank  declared  a  dividend  of  3^%.  How  much 
should  a  stockholder  owning  120  shares  ($50)  receive  ? 

CIS.  An  insurance  company  declared  a  dividend  of  6%. 
What  rate  is  that  on  the  market  value  of  the  shares  which 
are  at  185?    , ,. 
X^    14.  Compare  the  rates  on  the  cash  values  of  6%  on  stock  at 


'22i§_and3i%  on  stock  at  125. 
"TTi^rSoia^ST^sTTiJires 


/>      16.  Sold""37  sTiJires  ($25)  B.   and    L.   Association    stock, 

receiving  therefor  $1019'81.     At  what  rate  was  the  stock 

sold? 
/^      16.  Bought  throvigh  a    broker   750  shares  ($50)    in  the 

Farmers'  Loan  and  Saving  Society  paying  therefor  $43968*75. 

At  what  quotation  "were  they  bought,  brokerage  \%  ? 
^         17.  Sold  through  a  broker  215  shares  ($50)  in  the  Dominion 
X^    Savings  and  Loan   Society  receiving  from  him  for  tlieni 

$9728"75.     At  what  qviotatiou  did  the  broker    sell    them, 

brokerage  1%  ? 
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jf  18.  Bought  stock  at  197|  and  sold  it  at  194|^,  having  mean- 
while received  a  dividend  of  6%  on  it.     My  net  gain  by  the 

/transaction  after  paying  i%  brokerage  each  way,  is  $336. 

y  How  many  shares  ($40)  did  I  buy  ? 

^  19.  A  man  received  $495  as  dividend  at  4i%  on  his  bank 
stock.  He  sold  40  shares  ($100)  at  143^  and  the  remainder  at 
144i,  paying  J%  brokerage.  What  were  the  net  proceeds 
of  the  sale  ? 

m.  A  capi  talist  had  $20,000  to  invest.  He  purchased  $8700, 
par  value,  of  Canadian  4%  bonds  at  103  and  $7300,  par  value, 
of  Canadian  3^%  bonds  at  93|  and  invested  the  balance  as 
far  as  he  could  in  bank  stock  (shares  $1(X))  at  149^:,  paying 
half-yearly  dividends  of  4%  each.  What  was  the  gross 
amount  of  his  investment  he  paying  \%  brokerage  for  buy- 
ing «ach  class  of  securities  ?  What  was  his  annual  income 
from  these  investments  ?  What  average  rate  per  cent,  per 
annum  did  he  receive  on  these  investments  ? 

21.  The  difference  between  the  annual  income  derived 
from  a  certain  sum  invested  in  7%  stock  at  150  and  that 
from  an  ec^ual  sum  invested  in  9%  stock  at  202i,  is  $40. 
What  is  the  amount  invested  in  the  7%  stock  and  what  is 
the  annual  income  therefrom  ? 

\  22.  A  shareholder  receives  a  dividend  of  6%  on  his  stock 
and  pays  thereon  an  income-tax  of  16§  mills  on  the  dollar. 
Next  year  he  receives  a  dividend  of  6i%  and  pays  an  income- 
tax  of  12.V  mills  on  the  dollar.  He  finds  that  his  income  is 
$830  moi'e  in  the  latter  year  than  it  was  in  the  former. 
How  much  stock  does  he  hold  ?y^ 

^  23.  A  man  invests  a  certain  sum  in  3%  stock  at  90  and  an 
equal  sum  in  4%  at  95.  Each  stock  rises  5%  in  price ;  the 
investor  then  sells  out  and  invests  the  proceeds  of  each  stock 
in  the  other.  The  stocks  fall  to  their  former  value  and  he 
again  sells  out  at  a  loss  of  $3,514*75  on  the  amount  realized 
on  his  former  sales.     Find  the  sum  he  originally  invested. 

24.  On  13th  Sep.  a  broker  bought  for  a  customer  500  shares 
($100)  of  railroad  stock  at  78|,  and  the  customer  deposited 
with  the  broker  $5000  as  a  "  margin  "  for  the  hitter's  secur- 
ity against  less  by  a  fall  in  the  price  of  the  stock.  On  7th 
Oct.  the  stock  was  sold  at  75|.  How  much  of  the  margin 
remained  after  the  sale  if  the  broker  charged  7i%  brokerage 
on  each  transaction  and  interest  at  6%  for  the  exact  number 
of  days  on  the  money  used  in  excess  of  the  deposit  ? 

25.  If  money  be  worth  5%,  what  should  be  the  price  of  0% 
bonds  which  are  tx)  be  paid  off  at  par  3  years  after  the  date 
of  purchase,  fhe  interest  on  the  bonds  being  payable  half- 
yearly. 
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P  ART  N  ERSH I P  . 

A  Partnership  is  a  voluntary  association  of  two  or  more 
persons  who  combine  their  money,  goods  or  other  property, 
their  labor  or  their  skill,  any  or  all  of  these,  for  the  traisaction 
of  business  or  the  joint  prosecution  of  any  occupation  or  calling, 
such  as  the  carrying  on  of  any  manufacture  or  trade  or  the 
practice  of  any  profession,  upon  an  agreement  that  all  gains  and 
losses  shall  be  shared  in  certain  specified  proportions  among  the 
persons  constituting  the  partnership,  ^ 

Such  an  association  is  styled  a  Firm,,  a  Company,  or  a  House, 
and  the  persons  uniting  to  constitute  the  association  are  called 
the  PaHners  of  the  Firm. 

The  Investment  of  a  partner  in  a  firm  is  the  money  or 
property  contributed  by  him  to  the  firm. 

The  Capital  of  a  firm  is  the  total  of  the  investments  of  the 
partners. 

The  Net  Gain  within  a  certain  period  is  the  excess  of  the 
total  gains  of  a  firm  over  its  total  losses  within  the  period. 

The  Net  Loss  within  a  certain  period  is  the  excess  of  the 
total  losses  of  a  firm  over  its  total  gains  Avithin  the  period. 

A  Dividend  is  the  share  of  the  net  gain  or  gl  any  sum 
divided  among  the  members  of  a  firm  or  a  company,  which 
belongs  to  any  partner.  The  dividends  to  the  several  partners 
are  generally  in  proportion  to  their  investments. 

In  a  partnership  in  which  the  gains  and  losses  are  to  be 
divided  among  the  partners  in  proportion  to  their  investments, 
to  find  each  partner's  share  of  any  net  gain  or  net  loss  : — 

i.  If  the  investments  are  contributed  for  equal  times,  divide  the 
net  gain  or  the  net  loss  in  proportion  to  thp  investments. 

ii.  If  the  investments  are  contribedfor  unequal  times,  m,ultiply 
each  investment  by  the  measure  of  the  length  of  time  during  which 
it  was  invested  and  divide  the  net  gain  or  the  net  loss  in  propoHion 
to  the  products. 
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1.  R.  Stuart  and  G.  Armstrong  enter  into  partnership  and 
agree  to  share  all  gains  and  losses  in  proportion  to  their 
investments.  Stuart  contributes  $4500  to  the  partnership 
and  Armstrong  contribvites  $7500.  Their  net  gain  at  the 
end  of  the  year  is  $1750.  How  much  of  this  simi  should 
each  partner  receive  ? 

^.  Three  partners  invest  respectively  $7800,  $5750  and 
$9450  in  business.  At  the  end  of  the  first  year  thev  find 
their  net  gain  to  be  $31.56.  What  is  the  amount  of  each 
partner's  share  of  this  gain  ? 
V  3.  Two  contractors,  G.  Rose  and  W.  Crerar,  undertake  to 
build  a  bridge  for  the  sum  of  $31,500.  Crerar  supplies  the 
material  at  a  cost  of  $11,727  and  Rose  pays  the  wages  of  the 
mechanics  and  laborers  and  all  other  expenses  connected 
with  the  contract,  amounting  altogether  to  $15,645'80.  If 
'  the  profit  on  the  contract  is  to  be  divided  in  proportion  to 
investment,  how  much  of  the  $31,600  should  each  partner 
receive  ? 
^  4.  A.  Jones  and  D.  Smith  enter  into  partnership,  the 
lormer  investing  $13,500  and  the  latter  investing  $22,800,  and 
they  agree  that  Jones  shall  receive  a  salary  of  $20(X)  a  year 
for  managing  the  business,  and  that  all  gains  over  and  above 
this  sum  and  all  losses  shall  be  shared  in  proportion  to  their 
respective  investments.  At  the  end  of  a  year  their 
resources  are  $74,850  and  their  liabilities  are  $17,943*86. 
Find  the  amount  of  the  interest  of  each  partner  at  the  end 
of  the  year. 

^  5.  Th.  Sinclair,  C.  Harvey  and  H.  Stevens  enter  into 
partnership,  Sinclair  investing  $37,500,  Harvey  $28,600,  and 
Stevens  $24,000,  and  they  agree  to  share  all  gains  and  all 
losses  in  proportion  to  their  investments.  At  the  end  of 
the  year  the  resources  of  the  firm  are  $124,368*50  and  the 
liabilities  are  $37,429*50.  Stevens  now  wishes  to  withdraw 
from  the  firm  and  sells  to  his  partners  his  interest  in  the 
business  in  shares  proportional  to  ^bcii.  iuLerests  in  it. 
How  much  should  he  receive  from  each  ? 

6.  T.  Allan  and  E.  Ja'ijieson  engage  in  business  with  a 
joint  capital  of  $19,200  and  agree  to  share  gains  and  losses 
in  proportion  to  their  investments.  At  the  end  of  a  year 
Allan  receives  a  div.'  iend  of  $1100  and  Jamieson  a  dividend 
of  $1300.    What  wa  ■•  the  amount  of  the  investment  of  each  ? 

7.  A,  B  and  C  e*  er  into  partnership  and  agree  to  share 
gains  and  losses  m  proportion  to  their  investments.  A 
invests  $6000  a  ;d  B  invests  $8000.  They  gain  $1800  of 
which  C's  share  IS  $792.  Required  Cs  investment,  and  A's 
and  B's  gains. 


t 


a- 


174  ARITHMETIC. 

/^  8.  D.  Rowan,  F.  Galbraith  and  J.  Munro  enter  into 
partnership  and  agree  to  share  all  gains  and  all  losses  in 
proportion  to  their  several  investments.  They  gain  $7,500 
of  which  Rowan  receives  $2100,  Galbraith  $3100.  and  Munro 
the  balance.  How  much  did  Rowan  and  Galbraith  respec- 
tively invest  if  the  amount  of  Munro's  investment  was 
$18,000  ? 
){  9.  Three  merchants  enter  into  partnership,  the  first 
invests  $1855  for  7  months,  the  second  invests  $887*50  for 
10  months  and  the  third  invests  $770  for  11  months  ;  and 
they  gain  $434.  What  should  be  each  partner's  share  of 
the  gain  ? 

^  10.  L,  M  and  N  entered  into  partnership  and  invested 
^  respectively  $19,200,  $22,500  and  $28,300.  At  the  end  of  5 
months  L  invested  $:3800  additional;  M,  $2500;  and  N, 
$3700.  At  the  end  of  a  year  the  net  gain  of  the  firm  was 
found  to  be  $7850.  What  was  each  partner's  share  of  this, 
if  all  gains  and  all  losses  were  shared  among  the  partners  in 
proportion  to  their  avei'age  investments  ? 

y  11.  Graves  and  Barr  form  a  partnership.  Graves  investing 
'  $7000  and  Barr  $8000.  At  the  end  of  3  months  Graves 
increases  his  investment  to  $9000  but  at  the  end  of  5  months 
more  he  withdraws  $4000  from  the  business.  Barr,  4  months 
after  the  formation  of  the  partnership,  withdraws  $2000  of 
his  investment  but  5  months  later  increases  it  by  $4000.  At 
the  end  of  the  year  the  resources  of  the  firm  are  $27,850  and 
its  liabilities  are  $84(50.  What  is  the  amount  of  each 
partner's  interest  in  the  business  now,  the  net  ^ain  being 
divided  between  the  partners  in  proportion  to  their  average 
investments  ? 

12.  Stuart  and  Moss  enter  into  partnership,  Stuart  contri- 
buting $5000  more  capital  than  Moss.  At  the  end  of  5 
months  Stuart  withdraws  $2500  of  his  capital  and  2  months 
later  Moss  increases  his  investment  by  $2500.  At  the  end 
of  their  first  year  of  partnership,  their  assets  exceed  their 
liabiliui^s,  by  $24,800  and  on  dividing  their  net  gain  in  the 
ratio  of  their  a vcia]>^Vi\vestments,  Stuart's  interest  in  the 
business  is  found  to  exceed tliat  of  Moss  by  $461*54.  Find 
the  amount  of  the  original  investlS(%nt  of  each. 

13.  Three  companies,  A,  B  and  U  areio  be  consolidated  on 
the  basis  of  the  relative  market  values  c\  their  stocks.  A's 
capital  is  $1,000,000  at  90 ;  B's  is  $750,06^  at  70,  and  C's  is 
$625,000  at  80.  The  capital  of  the  new  company  is  to  be 
$2,000,000  in  shares  of  $100  each.  Wha*  amount  of  this 
capital  should  be  allotted  to  each  of  the  ok  companies  and 
to  how  mvich  stock  in  the  new  company  sh  uld  the  holder 
of  100  shares  of  the  stock  of  each  of  the  ok  companies  be 
entitled  ? 


CHAPTER   X. 


I.   APPROXIMATE  CALCULATIONS. 

In  calculations  in  which  fractions  occur  the  greater  part  of 
the  labor  of  computation  arises  in  general  from  the  variety  of 
denominators  of  the  fractions.  For  example,  if  several  fractions 
of  various  denominations  are  to  be  added  together,  they  must 
all  be  reduced  to  a  common  denominator,  and  if  one  fraction  is 
to  be  divided  by  another  of  different  denomination,  the  terms 
of  the  quotient  will  frequently  be  much  larger  than  the  terms 
of  the  dividend.  In  such  cases  the  labor  of  computation  may 
often  be  lessened  and  the  calculations  may  always  be  simplified 
by  replacing  the  fractions  by  approximately  equal  decimal 
numbers,  but  if  we  do  this  we  deliberately  introduce  errors  into 
the  calculations.  These  errors  can,  however,  be  kept  so  small 
that  the  result  of  the  computation  will  be  sufficiently  near  the 
truth  for  all  practical  purj)Oses,  for  in  calculations  concerning 
quantities  determined  by  measurements,  it  should  be  remem- 
bered that  these  measurements  cannot  be  made  with  absolute 
accuracy.  In  the  measurements  of  every-day  life  we  are 
satisfied  if  we  do  not  err  by  more  than  one  part  in  a  thousand  ; 
in  the  most  careful  scientific  work  it  is  rarely  possible  to  reduce 
the  error  below  one  part  in  a  million.  The  results  of  calcu- 
lations based  on  such  measurements  are  necessarily  affected  by 
the  errors  of  measurement,  and  it  is  therefore  a  mere  waste  of 
time  and  labor  to  carry  any  calculation  beyond  the  degree  of 
accuracy  with  which  measurements  can  be  made.  To  do  so  is 
moreover  misleading,  for  the  results  then  present  an  appear- 
ance of  exactness  where  exactness  does  not  and  cannot  exist. 

The  first  significant  figure  in  any  number  is  the  first  digit, — 
the  first  figure  other  than  zero, — on  the  left  of  the  number. 
For  example,  in  1-094  yd.,  1  is  the  first  significant  figure,  and 
in  0'03527  oz.,  3  is  the  first  significant  figure. 
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A  number  is  said  to  be  correct  to  two,  three,  four 

significant  figures  if  it  does  not  differ  from  the  number  that 
would  express  the  exact  value  by  more  than  5  in  the  second, 

third,  fourth, place  on  the  right  of  the  first  significant 

figure. 

Example. — If  it  be  said  that  the  length  of  a  certain  rod  is 
39  in.  correct  to  tivo  significant  figures,  it  is  meant  that  the 
actual  length  of  the  rod  is  less  than  39 '5  in.  but  is  not  less 
than  38  5  in. 

If  the  length  be  given  as  39-4  in.  correct  to  three  significant 
figures,  it  is  meant  that  the  actual  length  is  less  than  39  "45  in. 
but  is  not  less  than  39  35  in. 

If  the  length  be  given  as  39*37  in.  correct  to  four  significant 
figures,  the  actual  length  may  be  any  from  39*365  in.  inclusive 
to  39 '375  exclusive. 

A  zero  may  be  a  significant  figure. 

Example  1. — The  length  of  a  millimetre  is  0 '001094  yd.  correct 
to  four  significant  figures.  Here  the  zero  between  1  and  9  is  a 
significant  figure  but  the  three  zeros  on  the  left  of  1  are  not 
significant  figures,  they  merely  indicate  that  1,  the  first  signi- 
ficant figure,  is  the  thousandth  part  of  a  yard. 

Exam,ple  2. — The  length  of  the  polar  diameter  of  the  earth 
is  41,710,000  ft.  correct  to  five  significant  figures.  Here  the 
zero  in  the  thousands'  place  is  significant  but  the  three  zeros  on 
its  right  are  solely  locative  ;  they  do  not  denote  the  absence  of 
digits  in  the  number  expressing  the  exact  length  of  the  diameter 
but  merely  that  these  digits  have  not  been  determined  by  the 
measurements,  or  at  least  that  they  are  not  here  assigned. 

The  degree  of  any  approximation  is  measured  by  the  fraction 
which  the  error  is  of  the  exact  value,  i.e.,  by  the  quotient  of 
the  difference  between  the  exact  and  the  approximate  value 
divided  by  the  exact  value.  T/ie  degree  of  approximation  is 
therefore  independent  of  the  unit  of  measurement. 

Example. — A  French  metre  is  equal  to39'3704  in.  correct  to 
six  significant  figures.  The  length  of  the  metre  is  thei'efore  at 
least  39'370.35  in.  and  at  most  3937045  in.,  consequently  the 
greatest  error  that  can  be  committed  by  taking  39 '3704  in.  for 
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the  exact  length  of  a  metre,  is  0 •00005  in.,  and  the  degree  of 

0-00005 
approximation  in  such  case  is  at  the  very  vxrrst   —  which 

is  less  than 

750,000* 

Hence  in  reducing  English  measures  of  length  to  French 
measures,  or  vice  versa,  at  the  rate  of  39' 3704  in.  to  the  metre, 
the  error  introduced  will  be  less  than  1  part  in  750,000. 

Different  degrees  of  approximation  may  be  roughly  compared 
by  comparing  together  the  number  of  significant  figures  known 
to  be  correct  in  each  case.  Thus  if  the  first  three  significant 
figures  are  known  to  be  correct,  the  approximation  is  about 
ten  times  as  close  as  it  would  be  if  only  the  first  two  were 
known  to  be  correct.  "Correct  to  six  significant  figures" 
means  an  approximation  about  1000  times  as  close  as  that 
expressed  by  "correct  to  three  significant  figures." 

In  expressing  mixed  numbers  and  fractions  by  approximately 
equal  decimal  numbers,  it  will  in  general  be  suflicient  if  the 
calculations  be  correct  to  four  or  at  most  to  seven  significant 
figures.  Beyond  seven  figures  it  is  very  seldom  necessary  to  g  >. 
Also  if  one  approximate  number  ia  to  be  multiplied  by  another 
or  to  be  divided  by  another,  the  residt  need  not  be  calculated  to 
a  greater  number  of  significant  figures  than  are' correct  in  the 
given  numbers.  Hence  in  all  computations  with  approximate 
numbers,  suitable  methods  of  contracting  the  operations  of 
multiplication  and  division  should  be  adopted.  The  two 
following  examples  show  how  such  contractions  may  be  made. 

Example  1. — Multiply  453-593  by  91-4392,  correct  to  six 
significant  figures. 

Uncoxtracted  Form.  Contracted  Form. 

453-593  4S^-m 

91-4392  91-4392 

40823-371  40823-37 

453  6913  453  59  (u) 

181 43J72  -  181  44  (b) 

13  601779  13  61  (:) 

4  08i2337  4  08  (d) 

9J07186  9  (e) 

4147618110456  414762 
(12) 
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Write  the  multiplier  under  the  multiplicand  so  that  the  ones' 
figure  of  the  multiplier  may  be  under  the  right-hand  figure  of 
the  multiplicand. 

Begin  the  multiplication  by  multiplying  by  9,  the  first  signifi- 
cant figure  of  the  multiplier.  The  product  will  contain  seven 
significant  figures ;  this  is  one  more  than  the  number  required 
to  be  correct  in  the  complete  product,  but  retain  all  seven  in 
order  to  determine  the  "  carriage  "  to  the  sixth  significant 
figure  when  the  partial  products  are  added  together.  Contract 
the  other  partial  products  thus ; — 

(a)  Strike  out  3,  the  right  hand  figure  of  the  multiplicand, 
and  multiply  the  resulting  '  contracted  '  multiplicand  by  1,  the 
second  significant  figure  of  the  multiplier. 

(b)  Strike  out  9,  the  right  hand  figure  of  the  multiplicand 
as  contracted  in  (a),  and  multiply  by  4,  the  third  significant 
figure  of  the  multiplier,  carrying  4  from  the  9x4  struck  out. 

(c)  Strike  out  5,  the  right  hand  figure  of  the  multiplicand  as 
contracted  in  (h),  and  multiply  by  3,  the  fourth  significant 
figure  of  the  multiplier,  carrying  2  from  the  5x3  struck  out. 

(d)  Strike  out  3,  the  right  hand  figure  of  the  multiplicand  as 
contracted  in  (c),  and  multiply  by  9,  the  fifth  significant  figure 
of  the  multiplier,  carrying  3  from  the  3x9  struck  out. 

(e)  Strike  out  5,  the  right  hand  figure  of  the  multiplicand  as 
contracted  in  (d),  and  multiply  by  2,  the  sixth  significant  figure 
of  the  multiplier,  carrying  1  from  the  5x2  struck  out. 

The  sum  of  the  right  hand  figures  of  the  partial  products  is 
38.  This  would  give  8  as  the  seventh  significant  figure  of  the 
total  product,  but  as  that  product  is  to  be  correct  to  only  six 
significant  figures,  change  38  to  the  nearest  multiple  of  10 
which  in  this  case  is  40.  Now  complete  the  addition  of  the 
partial  products  as  in  the  ordinary  uncontracted  form. 

[Some  authors  recommend  that  the  figures  of  the  multiplier  be  written 
in  reverse  order,  each  figure  to  be  placed  immediately  beneath  the  right 
hand  figure  of  its  "contracted"  multiplicand.  The  preceding  example 
would  in  such  case  be  arranged  thus  :— 

"  453-593 
293  419 

This  is  known  in  England  as  Oughtred's  Method,  it  having  been  first 
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described  by  William  Oughtred  in  his  Arithmeticce  in  Nimiero  et  Specie- 
bus  Institutio,  lHol.  Altliougli  frequently  rediscovered  and  described,  it 
has  never  been  generally  adopted  outside  the  school-room,  being  found 
no  more  convenient  than  the  method  described  above,  but  on  the  other 
hand  very  liable  to  lead  to  error.] 


Example  2. — Divide  41476-2  by  453-593  and  obtain  the  quot- 
ient correct  to  six  significant  figures. 

Uncontracted  Form, 
91-4392 
45359^)41476200  "0000 
4082337 
65283 
45359 


Contracted  Form 

91-4392 

4^3^^)41476200- 

4082337 

65283 

45359  .... 

(^0 

19924 

18144  .... 

(fc) 

1780 

1361  .... 

(c) 

419 

408  ... . 

{d) 

11 

9  .... 

(«) 

2 

96730 
9;07186 
1189544 


For  the  method  of  obtaining  lines  (a),  (h),  (c),  (d)  and  (e) 
see  the  preceding  Example  1. 

If  the  '  final  remainder '  be  greater  than  half  of  the  last 
contracted  divisor  increase  the  last  figure  of  the  quotient  by  1. 
The  quotient  will  now  be  in  excess  but  the  error  will  be  less 
than  if  the  quotient  had  been  left  in  defect. 

The  methods  of  contraction  exhibited  in  the  two  preceding 
examples  may  easily  be  adapted  to  calculations  in  which  the 
result  is  required  to  be  correct  to  a  given  number  of  decimal 
places.  Exercises  of  this  character  will  arise  later  on  in  the 
calculations  of  Interest -and  Discount.  It  should,  however,  be 
particularly  noted  that  asking  for  a  calculation  to  be  carried  to 
the  sixth  or  any  other  specified  place  of  decimals  without 
indicating  the  unit  to  be  employed  gives  no  idea  of  the  degree 
of  approximation  required. 
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EXERCISE     LXXXII. 

I.  If  the  length  of  the  polar  diameter  of  the  earth  be 
41,710,000  ft.,  correct  to  5  significant  figures,  between  what 
limits  must  the  correct  length  lie  ?  About  what  degree  of 
approximation  is  obtained  by  taking  41,710,000  ft.  as  the 
correct  length  ? 

S.  If  the  mean  equatorial  radiiis  of  the  earth  be  3963*3 
miles  correct  to  5  significant  figures,  about  what  degree  of 
approximation  is  obtained  by  taking  this  as  the  correct 
length? 

3.  According  to  Regnault  a  given  volume  of  mercury  at 
0°O  is  from  13"59578  to  13*59602  times  as  heavy  as  an  equal 
volume  of  water  at  O"©.  Accepting  these  numbers,  to  how 
many  significant  figures  do  they  determine  the  ratio  of  the 
weights"  of  equal  volumes  of  the  liquids  both  at  0°C  and 
what  is  the  ratio  as  thus  determined  ? 

4.  "Volkmann  has  given  13  "5953  to  1  as  the  ratio  of  the 
weights  of  ejc[ual  volumes  of  mercury  and  water  both  at 
0°C,  other  investigators  have  obtained  a  ratio  as  high  as 
13'603  to  1 ;  including  these  with  Regnault's  values,  to  how 
many  significant  figures  has  the  ratio  been  determined,  and 
what  is  the  ratio  as  thus  determined  ?  To  about  what 
degree  of  approximation  has  the  ratio  been  determined  ? 

Find  the  value  of  the  following,  correct  in  each  case*  to  6 
significant  figures  : 

5.  4-78534 +  2-87496 +  1-63 +  0-0847521. 

6.  0-25 + 0-03125  +  0-015625  +  0-00390625  +  0-000244141 

+  0-000004604. 

7.  3-16227766  + 1  -77827941  + 1  -a3352143  + 1-15478198  + 1  -0746083 

+  1-03663293. 

8.  72-836  +  4-598978  +  98-347223  +  403-8. 

9.  4-7856  +  2-8937584  +  0-3796487  -  7-78536893. 
10.  985748  +  286949  +  859374  +  586207-43025. 

II.  28-3160x2-20462.  17.  0-7065x0-7065x0-7065. 

12.  277-274x252-458  +  7000.  18.  0-79^x0-7937x79-37. 

13.  65-582x65-582.  19.  0-8583x8583x85-83. 
U.  87-51x0-8751.                           SO.  5977x5977x5977 

15.  8-467x8-467x8-467.  21.  100  +  39-3704. 

16.  88-7904x8-87904x0-887901.     22.  1  +  0-220462. 
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23.  34902^3-141593.  27.  4579-^4187. 

24.  l-r  3141593.  28.  81350^50549. 

25.  1-f  43429448.  29.  92174 -^  227771. 

26.  3-162278  ^1-77828.  30.  33026 -=- 37493. 

A  metre  =  39-37043  and  a  kilogramme  =  2.204621  lb.  both  to 
7  significant  figui-es.  A  decimetre  i?  the  tenth  part  of  a 
metre  and  a  litre  is  a  cubic  decimetre. 

31.  How  many  kilogrammes  are  equal  to  a  ton  ? 

32.  How  many  kilogrammes  are  there  in  an  Imperial  or 
"long"  ton  (2-240  lb. ).» 

35.  How  many  metres  are  there  in  a  mile  ? 

34.  How  many  square  yards  are  there  in  100  square 
metres  ? 

35.  How  many  hundred  square  metres  would  make  an 
acre  ? 

56.  How  many  cubic  decimetres  are  there  in  a  cubic  foot  ? 

57.  A  litre  of  water  at  60°F  weighs  2-2021444  lb.  and  a 
gallon  of  water  at  the  same  temperature  weighs  10  lb. 
How  many  litres  are  there  in  a  gallon  ? 

38.  What  is  the  weight  of  a  cubic  foot  of  water  at  60°F  ? 

39.  How  many  cubic  inches  are  there  in  a  gallon  ? 

40.  How  many  feet  are  there  in  the  diameter  of  a  circle 
whose  circumference  measures  forty  million  metres  ?  (Cir- 
cumference —  radius  x  3-14159. ) 

41.  Find  the  product  of  2-9957323  and  -4342945  correct  to  6 
decimal  places. 

42.  Find  the  value  of  5-7037825  x -4342945  correct  to  6 
decimal  places. 

43.  Find  the  value  of  3-14159265  x  -96  x  -995  x  -9998  x  -99992 
X  '999997,  correct  to  6  decimal  places  ? 

44^  Find  the  value  of  2-7182818  x  -8  x  -992  x  -9993  x  .99998 
X  '999993  X  "9999994  correct  to  7  decimal  places. 

45.  Find  the  value  of  2-3025851  x  '9  x  -97  x  -995  x  -99995 
X  -999997  correct  to  7  decimal  places. 

46.  Find  the  value  of  3-1416  x  3-1416  x  3-1416  to  the  nearest 
integer. 
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II.    INVOLUTION. 

The  square  of  a  number  is  the  product  of  two  factors  each 
equal  to  the  number. 

The  square  of  .3  is  .'i  x  3  =  9;  the  square  of  5  is  5  x  5  =  25. 

The  cube  of  a  number  is  the  product  of  tliree  factors  each 
equal  to  the  number. 

The  cube  of  2  is  2  x  2  x  2=8 ;  the  cube  of  5  is  5  x  5  x  5  =  125. 

The  fourth,  fifth,  sixth, potver  of  a  number  is  the  pro- 
duct of  four,  five,  six, factors  each  equal  to  the  number. 

The  fourth  power  of  7  is  7  x  7  x  7  x  7  =  2401. 

The  number  itself  is  the  first  power,  the  square  is  the  second 
power  and  the  cube  is  the  third  power  of  the  number. 

The  base  of  a  power  is  the  number  used  as  a  factor  in  form- 
ing the  power. 

The  exponent  or  hidex  of  a  potver  is  the  number  which  ex- 
presses how  often  the  base  occurs  as  factor  in  forming  the 
power.  The  figures  of  an  exponent  are  usually  made  somewhat 
smaller  than  those  of  its  base  and  are  placed  on  the  right  of 
the  base  and  a  little  above  it. 

6x6  is  written  6^  which  is  read  "  6  square."  Here  6  is  the 
base  and  2  is  the  exponent.  10  x  10  x  10  x  10  is  written  10* 
which  is  read  "  10  to  the  fourth,"  power  being  understood  after 
fourth.     Here  10  is  the  base  and  4  is  the  exponent. 

EXERCISE    LXXXIIi. 

Write  the  following  products  as  powers  :— 

1.  3x3.  5.  l'5x  1*5  x  I'o  X  1*5  X  1'5. 

^,2x2x2.  6.  0.1  X  0-1  X  0-1  x  0-1. 

5.  5x5x5x5.  7.  ix^x^. 

.^.4x4x4x4x4.  ^.  fxfxfxf. 
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Write  the  following  powers  as  products  and  compute 
their  values  : — • 


9.  6". 

18.  1-02^ 

;^7.  0-53». 

10.  2«. 

19.  0-l\ 

;?5.  (i)«. 

11.  3*. 

m  0-015. 

29.  (i)^ 

12.  4«. 

^i.  492. 

m  (f)*. 

13.  245V. 
U.  924^ 

^5.  0-492. 

74 

15.  273^ 

2Jf.  530^ 

5f.  32x5\ 

m.  210. 

f5.  53». 

55.  2«  xS^'xTxll*  xl3 

n.  1-p. 

^'e.  5-3». 

5^.  210 -=-102. 

Resolve  the  following  numbers  into  their  pi-ime  factors, 
expressing  the  i-epetition  of  a  factor  by  an  exponent : — 

35.  360.       36.  70200.       37.  11368.       38.  1024.       39.  5837832. 

Prove  the  truth  of  the  following  statements  : — 

40.  (2'')*=2i^  52.  2^^2='  =  2"-». 

41.  (3*)^=3i^  53.  0-2* -=-0-22  =  0-2». 

42.  (5*)='=5»2,  54.  lOio-flO'^lO'. 
JfS.  (2»)*=22».  55.  (|)«^(f)2  =  (!)*. 

U'  (10»V  =  102i.  56.  32x42  =  (3x4)2  =  122. 

45,   \  (i.)3  j.«=(i)i5.  51.  5'  x3»  =  15^ 

4G.  2='x2*  =  2='+*  =  2'.  55.  4*x5*=20*. 

^7.  3*  X  3=' =3*  +  =' =3".  59.  35  X  10^=30^ 

48.  0-5''x0-o*  =  0-5'.  60.  3*  x(i)*=(|)*. 

45.  2^  x2«=2i2.  ei.  252=5*. 

5(>.  10»«x  10^  =  10^ «.  6;?.  212  =  48=8*. 

51.  {lY  X  (1)'  =(§)«.  &?.  722  ^2«  x  3*  =22  X  6*. 

Find  the  value,  correct  to  4  significant  figures  of 

111111111 

5  52      5'     5*     5'      o»     o'      o«     5" 

111111111 

65.  -  +  —  -I- +- — +, —  +  T-  +  ;r-  +  —  +  — •     ■ 

6  62     6»     6*     6«     6«     6"     6«     6" 

1111111 
■  9~9^"^9^~9^^9^~0«^^9'  ■ 
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67.  Show  that  $100  at  interest  for  *  years  at  5%  com- 
pounded annually  will  amount  to  $100  x  1-05*. 

68.  $320  at  interest  for  6  years  at  4%  compounded  annually 
will  amount  to  $320  x  l-04<^. 

69.  $125  at  interest  for  4  years  at  6%  compounded  semi- 
annually will  amount  to  $12o  x  1'03*. 

70.  $1000  at  interest  for  8  years  at  6%  compounded  quar- 
terly will  amount  to  $1000  x  lOlo^^. 

Express  by  power  notation  the  amount  of  $1  at  interest 
for  3  years  at  5%  compounded 

71.  Yearly.     72.  Half-yearly.     73.  Quarterly. 

74.  Show  that  $l-fl-04=  is  the  present  worth  of  $1  due 
3  years  hence,  discounted  at  4%  interest,  compounded 
annvially. 

Express  by  power-notation  the  present  value  of  : 

75.  $1000  due  5  years  hence  discounted  at  4%  interest, 
compounded  annually. 

76.  $500  payable  Ih,  years  hence  discounted  at  4%  interest, 
compounded  semi-annually. 

77.  $500  payable  5i  years  hence  discount-ed  at  4%  interest, 
compounded  quarterly. 

Find  the  discount  off  $125  payable  5  years  hence  at 

78.  5%  discount.  79.  5%  simple  interest. 

80.  5%  interest  compounded  annually. 

81.  5%  interest  compounded  semi-annually. 

82.  J.  S.  deposits  $100  yearly  in  a  savings  bank  and 
receives  3%  interest  on  it  which  he  allows  to  remain  on 
deposit  ;  express  by  power-notation  the  amount  to  his 
credit  when  he  has  made  his  3rd,  4th,  5th  and  6th  deposits 
respectively,  and  compute  the  amount  in  each  case  to  the 
nearest  cent. 

S3.  Show  that  the  present  value  of  a  bond  for  $1000 
payable  10  years  hence  and  bearing  interest  at  4%  payable 
annually,  money  being  worth  5%,  is 

1       1       1       1     ^i_         JL 

'^r05"^l-05^'  "^r05^'^l-05»  "^r-05«"^  ' ' ' "  ^l-OS' 

$1000 


$40/ 

U-05 

and  compute  this  value  to  the  nearest  dollar 


+  . 


1-05^ 
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III.    EVOLUTION. 

A  number  is  called  the  sqiuire  root  of  its  square,  the   aibe 
root  of  its  cube,  the  square  root  of  its  fourth  power,  etc. 

JSx.—l^umber  1,  4,  9,  16,  25,  36,  49,  64,  81,  1,00,  4,00,  9,00. 

Square  Root  1,  2,  3,    4,    5,    6,    7,    8,    9,      10,      20,     30. 
Number  1,  8,  27,  64,  125,  216,  343,  512,  729,  1,000. 
Cube  Root  1    234       567       8       9        10. 
The  square  root  of  a  number  is  denoted  by  prefixing  the 
symbol    sj  to  the  number,  the  cube  root  by  prefixing  \/,  the 
fourth  root  by  prefixing  \f,  and  all  the  other  roots  are  similarily 
denoted. 

Ex.— ^9  =  3,         V9,00  =  30,         ^9,00,00  =  300,        V125  =  5 
V125,000  =  50,     V32  =  2. 

EXERCISE     LXXXIV. 


Prove  that 

1. 

Vl,44  =  12. 

8. 

V0-25  =  0-5. 

15. 

s!%=\. 

s. 

^1,44,00  =  120. 

9. 

V2,25  =  15. 

16. 

Vif=i. 

3. 

VI,  44, 00, 00 =1200. 

10. 

v'2-25  =  l-5. 

17. 

/  05  «    1  « 

k- 

VI -44 =1-2. 

11. 

V0-02,25  =  0-15, 

.  18. 

V1728  =  12. 

5. 

V0-01,44=012. 

12. 

s/56,25  =  75. 

19. 

VI -728  =  1-2, 

6. 

V0-00,01,44  =  0012. 

13. 

V56-25  =  7-5. 

20. 

Vt^t^I. 

7. 

V289  =  17. 

U- 

VI  =i. 

21. 

V81  =  3. 

In  extracting  the  root  of  any  number  note  : 

1°  That  after  obtaining  the  left  hand  figure  of  the  root^  each 
additional  figure  affixed  on  the  right  in  the  root  gives  two 
additional  figures  on  the  right  in  the  square  of  that  root,  three 
on  the  right  in  the  cube,  four  on  the  right  in  the  fourth 
power,  etc. 

2°  That  for  each  figure  on  the  right  of  the  decimal  point  in 
the  root,  there  will  be  two  figures  on  the  right  of  the  decimal 
point  in  the  square  of  that  root,  three  on  the  right  in  the  cube, 
four  on  the  right  in  the  fourth  power,  etc. 
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3°  That  if  a  be  near  to  the  square  root,  b  to  the  cube  root, 

N  +  a- 

c  to  the  fourth  root,  etc.,  of  the  number  N,  then  will 

N  +  2b»  2a 

be  nearer  than  a  to  the  square  root, ■  be  nearer  than  b  to 

the  cube  root, be  nearer  than  c  to  the  fourth  root,  etc. 

4c» 
Hence  in  preparing  to  extract  any  root  of  a  number — 

1°  Begin  at  the  decimal  point  and  tnarh  off  the  figures  left  and 
right  in  pairs  in  case  of  the  square  root,  in  sets  of  three  in  case  of 
the  cube  root,  in  sets  of  four  in  case  of  the  fourth  root,  etc. 

2°  If  the  figures  on  the  right  of  the  decimal  point  do  not  give  an 
exact  number  of  sets,  they  m,ust  be  made  to  do  so  by  affixing  one  or 
more  zeros  on  the  right  of  the  num,ber. 

S°  If  an  approximate  root  r  be  found  of  the  number  N,  this 

.   N-r» 

root  must  be  corrected  by  adding  to  it in  the  case  of  the 

N-r^"  .                                   2r    N_r4 
sfinare  root, in  case  of  the  cube  root, in  the  case  of 

the  fourth  root,  etc.     (It  is  usual  to  take  only  the  first  digit  of 
this  correction,  at  least  for  the  first  four  or  five  corrections.) 

[In  the  case  of  the  square  root,  if  a  be  an  approximate  root 
and  h  be  the  correction  of  a,  the  next  correction,  that  of  a  +  h, 
will  be 

N-(a  +  hp        .                        .           (N-a^)-(2a  +  h)h 
which  may  be  written — ■ : 

and  in  this  N-a"  has  already  been  computed  when  finding  the 
correction  A.] 


EXERCISE     LXXXV. 

Find  the  square  root  of  : — 

1.  48i.-  i  i  4.  103041.;  3  a  /  7.  2321  •8124.-    V  ^  '^ 

2.  9801.  ^7-           ^-  1030-41^3  5i  *  ^  8.  0-0050367409.:  '07  097 
S.  1849.  -.11%          6.  10-3041.^  3*5/  9.  0-07001316.  ,-  '  ^  ^  ^  ^ 
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Find,  correct  to  five  significant  figures,  the  square  root  of: 

i.  550184000. 1-3  5  ^f^iO.  0-05,  19.5x4:. 

2.  1281.  -  n.  0-0005.  20.  5x4x9. 

S.  7'46.::~  $  '  y^  /^    12.  50.  21.  8x10. 

Jf.  74 -4^^^  •  ^  -5  /)  > ^'^'  ^^^-  ^'^-  1x2x3x4x5x0. 

5.  0-3131.  ^      '^i^.  SOOOfX).  fJ.  5^4. 

6.  0-062.  /5.  0-5.  2J!f.  20^49. 

7.  5.  26.  0-005.  25.  |. 

5.  500.  17.  0-00005.  26.  \  =  \%. 

9.  50000.  18.  0-4.  ^7.  A. 

Compute  the  square  roots  of  2,  3,  6,  12  and  18  to  five  signi- 
ficant figures  each  and  use  the  results  to  prove  that : — 

28.  V2xv/3=V6.  30.    ^6  x  ^3=  ^18  =  3  ^2. 

29.  V6  X  ^2  =  V12  =  2  s,!3.       31.    ^2  x  ^3  x  ^6  =  v/36  =  6. 

32.  ^2  -  1        is  the  reciprocal  of  ^/2  + 1. 

33.  ^/3-  V2        "  "         "       V3+ V2. 

54.  2- sJ3       "  "         "  2+V3. 

55.  3-2^/2      "  "         "  3  +  2  V2. 

36.  5-2\/6      "  "         "  5  +  2^6. 

37.  7-2^/12   "  "         "  7  +  2^12. 

Compute  to  three  significant  figures  the  cube  root  of  : — 

38.  10.  39.  220.  40.  264-61. 


CHAPTER   XI 


MENSURATION. 

A.  The  sides  about  the  equal  angles  c-f  mutually  equiangular 
triangles  are  proportionals  and  the  corresponding  sides  are 
those  opposite  equal  angles.     {Euclid  vi,  4-) 

B.  The  square  on  the  hypothenuse  of  a  right-angled  triangle  is 
equal  to  the  sum  of  the  squares  on  the  other  sides.    (Eiiclid  i,  Ifl . ) 

G.   Circle.  The  Circumference  =  3f  diameters,  nearly. 

[The  circumference  falls  short  of  ?>\  diameters  at  a  rate  which 
is  somewhat  less  than  an  inch  in  200  feet ;  it  is  shorter  than 
3  "1416  diameters  by  nearly  an  inch  in  every  6  miles  and  is  less 
than  \\\  diameters  by  not  quite  an  inch  in  every  165  miles. 
The  approximation  3f  diameters  is  quite  close  enough  for  ordin- 
ary practical  purposes,  the  errors  of  measurement  generally 
exceeding  the  error  of  computation  arising  from  using  this 
approximation.  ] 

D.  Ellipse  with  nearly  eqiial  axes.  The  perimeter  is  nearly 
3f  times  the  side  of  the  square  which  is  double  the  sum  of  the 
squares  on  the  semi-axes. 

i.  Rectangles.  The  numeric  of  area  is  the  product  of  the 
numerics  of  the  lengths  of  two  adjacent  sides. 

ii.  Parallelogram.  The  numeric  of  the  area  is  the  product  of 
the  numerics  of  the  altitude  and  the  length  of  the  base. 

iii.  Triangle .  The  numeric  of  the  area  is  one-half  of  the  pro- 
duct of  the  numerics  of  the  altitude  and  the  length  of  the  base. 
It  is  also  the  square  root  of  the  continued  product  of  the  numerics 
of  the  semi-perimeter  and  the  three  remainders  obtained  by 
substracting  the  length  of  each  side  separately  from  the  semi- 
perimeter. 
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iv.  Trapezoid.  The  numei'ic  of  the  area  is  one-half  of  the 
product  of  the  numerics  of  the  altitude  and  the  sum  of  the 
lengths  of  the  parallel  sides. 

V.  Circle.  The  area  is  nearly  3f  times  that  of  the  square  on 
the  radius. 

vi.  Sector  of  Circle.  The  numeric  of  the  area  is  one-half  of  the 
product  of  the  numerics  of  the  lengths  of  the  radius  and  the 
bounding  arc. 

vii.  Ellipse.  The  area  is  nearly  3f  times  that  of  the  rectangle 
under  the  semiaxes. 

viii.  Mantel  of  Right  Cylinder.  The  numeric  of  the  area  is 
the  product  of  the  numerics  of  the  altitude  and  the  perimeter 
of  \he  base. 

ix.  3fantel  of  Right  Circidar  Cone.  ThB  numeric  of  the  area 
is  one-half  of  the  product  of  the  numerics  of  the  slant  height 
and  the  perimeter  of  the  base. 

X.  Sjjhere.  The  area  of  the  surface  is  nearly  3f  times  that  of 
the  square  on  the  diameter. 

xi.  Cap  or  Zone  of  Sphere.  The  area  is  nearly  3f  times  that 
of  the  rectangle  under  the  diameter  of  the  sphere  and  the  alti- 
tude of  the  cap  or  zone. 

xii.  The  areas  of  Similar  Figures  or  of  Similar  Surfaces  are  to 
one  another  as  the  areas  of  the  squares  on  corresponding  lines 
of  the  figures  or  of  the  surfaces. 

I.  Qjtad  or  Parallelepiped.  The  numeric  of  the  volume  is  the 
product  of  the  numerics  of  the  lengths  of  three  adjacent  edges. 

II.  Prism.  The  numeric  of  the  volume  is  the  product  of  the 
numerics  of  the  altitude  and  the  area  of  the  base. 

III.  Pyramid.  The  numeric  of  the  volume  is  one-third  of  the 
product  of  the  numerics  of  the  altitude  and  the  area  of  the  base. 

IV.  Wedge.  The  numeric  of  the  volume  is  one-sixth  of  the 
continued  product  of  the  numerics  of  the  altitude,  the  width  of 
the  base  and  the  sum  of  the  lengths  of  the  three  parallel  edges. 
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V.  Prismatoid.  The  numeric  of  the  volume  is  one-sixth  of 
tlie  product  of  the  numerics  of  the  altitude  and  the  sum  obtained 
by  adding  the  areas  of  the  parallel  faces  to  four  times  the  area 
of  the  midcross-section.     (Prismoidal  Formula.) 

VI.  Cylinder.  The  numeric  of  the  volume  is  i;he  product  of 
the  numerics  of  the  altitude  and  the  area  of  the  base. 

VII.  Cone.  The  numeric  of  the  volume  is  one-third  of  the 
product  of  the  numerics  of  the  altitude  and  the  area  of  the  base. 

VIII.  Frustum  of  Pyramid  or  of  Cone.  The  numeric  of  the 
volume  is  one-tliird  of  the  product  of  the  numeric  of  the  alti- 
tude and  the  sum  obtained  by  adding  the  numerics  of  the  areas 
of  the  two  parallel  faces  to  the  square  root  of  the  product  of 
these  two  numerics. 

IX.  Sphere.  The  volume  is  two-thirds  of  the  volume  of  the 
circumscribing  cylinder.  It  is  also  nearly  four-thirds  of  3j 
times  the  volume  of  the  cube  on  the  radius. 

X.  Sector  of  Sphere.  The  numeric  of  the  volume  is  one-third 
of  the  product  of  the  numerics  of  the  radius  and  the  area  of 
the  cap  or  zone. 

XI.  Ellipsoid.  The  volume  is  nearly  four-thirds  of  3i  times 
that  of  the  quad  under  the  semiaxes. 

XII.  The  volumes  of  Similar  Solids  are  to  one  another  as  the 
volumes  of  the  cubes  on  corresponding  lines  of  the  solids. 

A  cubic  foot  of  water  at  52°F.  weighs  62'4  lb. 
A  cubic  foot  =  (25  —  ^^)  quarts. 

EXERCISE     LXXXVII. 

1.  A  stick  3'  in  length  placed  upright  on  the  ground  is 
found  to  cast  a  shadow  2'  6"  long,  what  must  be  the  height 
of  a  flagpole  which  casts  a  shadow  28'  in  length  ? 

S.  The  parallel  sides  of  a  ti\apezoid  are  respectively  27  ft. 
and  35  ft.  in  length  and  the  non-parallel  sides  are  respec- 
tively 18  ft.  7  in.  and  23  ft.  11  in.  long.  The  latter  sides  are 
Sroduced  bo  meet ;  find  the  respective  lengths  of  the  pro- 
uced  sides  between  the  point  of  meeting  and  the  shorter 
of  the  parallel  sides  of  the  trapezoid. 
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^     3.  Takiug  the  diameter  of  the  sun  to  be  880,000  miles  and 

^the  sun's  distance  from  the  earth  to  be  92,400,000   miles, 

what  must  be  the  diameter  of  a  circular  disk  that  it  may 

just  hide  the  sun  when  held  between  the  eye  and  the  sun 

and  21  inches  in  front  of  the  eye  ? 

4.  Three  men  A,  B  and  C  stand  in  a  row  on  a  level  pave- 
ment, A's  height  is  5'  3V',  B's  is  5'  9"  and  C's  is  6'  1^" ;  if  A 
stand  10'  to  the  right  of  B,  how  far  to  the  left  of  B  must  C 
stand  that  the  tops  of  the  heads  of  the  three  men  may  range 
in  a  straight  line  ? 
,j      5.  How  many  yards  of  fencing-wire  will  be  required  to 
'enclose  a  rectangular  field  thrice  as  long  as  it  is  wide,  if  the 
field  contain  10  acres  and  the  fence  be  made  5  wires  high  ? 
6.  A  six-foot  sidewalk  of  3  in.  planks  is  to  be  laid  around 
^    a  rectangle  266  ft.  8  in.  by  480  ft.,  the  inner  edge  of  the  side- 
walk to  he  twelve  inches  out  from  the  sides  of  the  rectangle. 
Find  the  value  at  $14  the  M,  boai'd-measvu'e,  of  the  planking 
for  the  sidewalk. 
y        7.  Find  the  areas  of  the  outer  and  the  inner  surface  of  a 
hollow  iron  cube  measuring  8  in.  on  the  outside  edge,  the 
iron  being  §  in.  thick. 

V  8.  The  length  of  the  base  of  a  parallelogram  is  45  ft.  ;  the 
length  of  the  perpendicular  on  the  base  from  the  opposite 
side  is  28  ft.  ;  tlie  length  of  a  side  adjacent  to  the  base  is 
85  ft.  ;  find  the  length  of  the  perpendicular  on  this  side  from 
the  side  opposite  to  it. 

^  9.  The  adjacent  sides  of  a  parallelogram  measure  132  ft. 
and  84  ft.  respectively  and  the  area  of  the  parallelogram 
is  two-thirds  of  that  of  a  square  of  equal  perimeter.  Find 
the  perpendicular  distance  between  each  pair  of  parallel 
sides. 

10.  Find  the  area  of  a  quadrilateral  one  of  whose  sides 
measures  23*29  chains  and  the  perpendiculars  on  this  side 
from  the  opposite  angles  of  the  quadrilatei*al  17 '75  chains  and 
13* 45  chains  respectively,  the  distances  of  the  feet  of  these 
perpendiculars  from  the  adjacent  angles  being  3'64  chains 
and  2'40  chains  respectively. 

11.  The  lengths  of  the  parallel  sides  of  a  trapezoid  are 
12  ft.  and  17  ft.  and  the  perpendicular  distance  between 
these  sides  is  8  ft.  A  straight  line  is  drawn  across  the 
trapezoid  parallel  to  tbe  parallel  sides  and  midway  between 
them.  Find  the  areas  of  the  two  parts  into  which  the 
trapezoid  is  thus  divided. 

12.  The  area  of  a  tiiangle  is  551  sq.  yd.  and  the  length  of 
its  base  is  95  ft.  Two  straight  lines  are  drawn  across  the 
triangle  parallel  to  the  base,  dividing  into  three  equal  parts 
the  perpendicular  from  the  vertex  on  the  base.  Find  the 
ai"eas  of  the  parts  into  which  the  triangle  is  thus  divided. 
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y  IS.  The  lengths  of  the  parallel  sides  of  a  trapezoidal  field 
are  15"80  chains  and  18.70  chains  respectively  and  the  per- 
pendicular distance  between  these  parallel  sides  is  14*40 
chains.     Four  straight  lines   are    drawn  across    the  field 

Earallel  to  the  two  parallel  sides  and  dividing  the  distance 
etween  these  sides  into  five  equal  parts.     Find  the  areas 
of  these  five  parts  of  the  field. 

y  14.  A  rectangular  field  200  yd.  long  is  surrounded  by  a 
road  of  the  uniform  width  of  60  ft.  The  total  area  of  both 
field  and  road  is  9  A.  1240  so.  vd.  Find  the  width  of  the 
field. 

-^  15.  A  rectangular  field  780  ft.  in  length  is  surrounded  by  a 
road  of  the  uniform  width  of  50  ft.,  the  area  of  the  whole 
road  being  15000  sq.  yd.     Find  the  area  of  the  field. 

y  16.  Find  to  the  nearest  gallon  the  capacity  of  an  open 
quadrate  tank  measuring  7'  6"  by  6'  4"  by  5'  fi?'  externally  ; 
the  material  of  which  the  tank  is  made  being  1^  inches  in 
thickness. 

17.  Three  cubes  of  lead  measuring  respectively  \,  §  and  f 
of  an  inch  on  the  edge  were  melted  together  and  cast  into  a 
single  cube.  Find  the  length  of  the  edge  of  the  cube  thus 
formed,  neglecting  loss  of  lead  in  melting  and  casting. 

18.  Four  cubes  of  lead  measuring  respectively  6,  7,  8  and 
9  inches  on  the  edge  were  melted  together  and  cast  into  a 
single  cube.  Find  the  length  of  the  edge  of  the  cube  thus 
formed,  if  4  per  cent .  of  the  lead  was  lost  in  the  melting  and 
casting. 

19.  Find  the  volume  of  a  cube  the  area  of  whose  surface 
is  100-86  sq.  in. 

20.  The  surface  of  a  cube  measures  30  sq.  in.  Find  the 
area  of  the  surface  of  a  cube  of  five  times  the  volume  of  the 
former. 

21.  The  volume  of  a  cube  is  30  cu.  in.  Find  the  volume  of 
a  cube  whose  surface  has  an  area  five  times  the  area  of  the 
surface  of  the  former  cube. 

22.  A  cube  measures  5  in.  on  the  edge.  A  second  cube  is 
of  thrice  the  volume  of  the  first.  By  how  nuich  does  the 
length  of  an  edge  of  the  second  cube  exceed  that  of  an  edge 
of  the  first  cube  ? 

23.  A  cube  measures  5  in.  on  the  edge.  Find  the  volume 
of  a  cube  whose  surface-area  is  thrice  that  of  the  former 
cube. 

y,  24.  A  quadrate  cistern  is  5  ft.  wide  by  6  ft.  long  by  4  ft. 
2  in.  deep.  Its  width  and  its  length  are  each  increased  by  6 
inches.  How  much  deeper  must  it  be  made  that  the  total 
increase  of  its  capacity  may  be  250  gallons  ? 
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25.  The  height  of  a  solid  six-inch  cube  of  India-rubber  is 
diminished  by  pressure  to  5'8o  in.  If  the  volume  of  the 
solid  remain  the  same  and  the  lateral  expansion  be  uni- 
forna  throughout,  what  will  be  the  dimensions  of  the  new 
base  ? 

y  26.  Find  the  weight  of  the  air  in  a  rectangular  room 
measuring  27'  8"  by  23'  5"  by  12'  4",  the  weight  of  the 
air  being  the  '001295  of  the  weight  of  an  equal  volume  of 
water. 

X  27.  If  a  cubic  foot  of  gold  weigh  1200  lb.,  find  the  thickness 
of  gold-leaf  of  which  1200  leaves  3^  inches  square  weigh  an 
ounce  troy. 

/,  28.  What  will  be  the  weight  of  36  iron  rods  each  14  ft.  long 
and  of  cross  section  f  of  an  inch  square,  if  the  specific    .^ 
gravity  of  the  iron  be  7'7  ?      -,  '   \  i  li\/  -^  ■■  —     ^  /  -'^'  -    -    Yl-- 

29.  What  weight  will  just  keep  unaer  w^ater  a  stick  of 
square-timber  measuring  36  ft.  by  10  inches  square,  the 
specific  gravity  of  the  wood  being  '725  ? 

y  so.  An  open  quadrate  tank  is  5  ft.  6  in.  long,  4  ft.  3  in. 
wide  and  3  ft.  8  in.  high,  the  sides  and  bottom  of  the  tank 
are  g  in.  thick.  Find  the  number  of  cubic  inches  of  material 
in  the  vessel.  ;  '  if";~   j>  «     /  //  vv^,    ^5  Y.  X  "^  '^  =  jj 

SI.  The  lengti?  '<>f/P  prism  is  9  ft.  4  in!  '-^i^ht  crossT 
section  of  the  prism  is  a  quadrilateral,  one  of  whose  dia- 
gonals measures  3  ft.  7  in.  and  the  perpendiculars  on  that 
diagonal  from  the  opposite  angles  of  the  section  are 
respectively  1  ft.  5  in.  and  1  ft.  7  in.  long.  Find  the  volume 
of  the  prism. 
^  S2.  The  fabled  wall  of  China  was  said  to  be  25  ft.  wide  at 
the  bottom,  15  ft.  wide  at  the  top,  20  ft.  high  and  1500  miles 
long.  How  many  cubic  yards  of  material  would  such  a 
^__2ai|  contain  ? 

How  many  cubic  yards  of  earth  must  be  removed  in 
the  digging  of  a  ditch  147  ft.  long,  8  ft.  wide  at  the  top,  5  ft. 
wide  at  the  bottom  and  4  ft.  6  in.  deep,  the  ends  of  the  ditch 
being  vertical  ? 

34-  How  many  gallons  of  water  will  fill  a  horse  trough 

7  ft.  6  in.  long,  10  in.  deep,  14  in.  wide  at  the  top  and  11  in. 

wide  at  the  bottom  ;  the  ends  of  the  trough  being  at  right 

angles  to  the  bottom  and  sides  ? 

^      35.  A  stream  flows  at  the  rate  of  three  miles  per  hour 

n/  through  a  trough  whose  cross-section  is  a  trapezoid.     The 

/^  width  of  the  bottom  of  the  trough  is  21  inches,  the  depth  of 

the  water  is  4*5  inches  and  the  width  of  the  surface  of  the 

water  in  the  trough  is  25  inches.     How  many  gallons  flow 

.    through  the  trough  per  minute  ? 
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56.  A  school-room  with  attic  ceihng  is  32  ft.  long  by  28  ft. 
wide.  The  ceiling  at  the  side  walls  is  10  ft.  above  the  floor 
and  slopes  upward  until  it  attains  a  height  of  14  ft.  6  in.  and 
then  becomes  level,  the  width  of  the  level  part  being  12  ft. 
The  ceiling  meets  the  end  walls  at  right  angles.  Find  the 
air-capacity  of  the  school-room. 

57.  The  Great  Pyramid  of  Egypt  when  complete  was 
480  ft.  9  in.  in  height,  and  its  base  was  a  square  764  ft.  in 
length  ;  in  its  present  condition  the  pyramid  is  450  ft.  9  in. 
high  and  its  base  is  a  square  746  ft.  long  and  wide.  Find  to 
the  nearest  cubic  yard  the  volume  of  the  pyramid  in  its 
complete  and  also  in  its  present  state. 

38.  The  representative  gold  pyramid  in  the  International 
Exhibition  of  1862  was  10  ft.  square  at  the  base  and  44  ft. 
9^  in.  high.  Find  the  volume  of  the  pyramid,  and  the 
weight  and  the  value  of  the  gold  represented  by  it,  taking 
the  specific  gravity  of  the  gold  at  19*25  and  its  value  at 
$20  "67  per  ounce  troy. 

39.  Find  the  capacity  of  a  cart  the  top  of  which  measures 
4'  3"  by  3'  8" ;  the  bottom,  3'  9"  by  3'  2"  ;  and  the  depth,  2'  3". 

40.  How  many  gallons  of  water  will  fill  a  ditch  2  ft.  deep, 
the  top  and  bottom  of  the  ditch  being  rectangles  whose 
corresponding  dimensions  are  148  ft.  by  3  ft.  4  in.  and  146  ft. 
6  in.  by  2  ft.  3  in.  ? 

41.  Find  the  weight  of  an  iron  shaft  whose  ends  are  rect- 
angles, one  end  measvu-ing  10*5  in.  by  17  in.,  the  other  end 
measuring  7  in.  by  12  in.,  the  length  of  the  shaft  being  13  ft. 
6  in.  and  me  specific  gravity  of  the  iron  7'7. 

4'2.  What  weight  will  just  sink  a  scow  in  the  form  of  a 
hollow  prismoid  with  rectangular  base,  the  length  of  the 
scow  over  all  being  14  ft.  1  in.  ;  its  width,  3  ft.  8  in.  ;  its  full 
depth,  2  ft.  11  in.  ;  the  length  of  the  bottom  outside,  12  ft.  ; 
the  width  of  the  bottom  3  ft.  and  its  weight  920  lb. 

43.  Find  the  volume  of  a  pile  of  broken  stones,  the  base 
of  the  pile  being  a  rectangle  measuring  13  ft.  6  in.  by  7  ft. 

5  in. ;  the  top  of  the  pile  a  rectangle  measuring  12  ft.  2  in.  by 

6  ft. ;  and  the  height  of  the  pile  being  2  ft.  10  in. 

44'  It  is  usual  to  take  as  the  measure  of  the  volume  of  a 
pile  of  broken  stones  the  product  of  the  measure  of  the 
altitude  of  the  pile  a  ^d  the  measure  of  the  area  of  its 
midcross-section.  By  how  much  Avould  the  volume  thus 
calculated  be  in  defect  of  the  actual  volume  in  the  case  of 
the  pile  described  in  the  problem  immediately  preceding. 

45.  The  base  of  a  wedge  is  a  rectangle  measuring  3*6  in. 
by  2*4  in.,  the  length  of  the  opposite  edge  is  3  m.,  the 
height  of  the  wedge  is  8  in.  Find  the  volume  1°  if  the 
three-inch  edge  is  parallel  to  the  longer  side  of  the  base ;  2° 
if  it  is  parallel  to  the  shorter  side  of  the  base. 
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Jf6.  Find  the  number  of  cubic  feet  in  a  stick  of  square 
timber  18"  square  at  one  end,  14 "  square  at  the  other  end  and 
36'  long. 

^7.  Find  the  weight  of  a  frustum  of  a  square  pyramid  of 
marble,  the  height  of  the  frustum  being  6  ft.  6  in.  ;  the 
length  of  an  edge  of  the  base,  4  ft.  4  in.,  and  of  an  edge  of 
the  top,  2  ft.  8  in.,  the  weight  of  a  cubic  foot  of  marble  172  Ib^ 

,  -r  Jf8.  Find  the  length  of  the  hypothenuse  of  a  right-angled 
triangle,  the  lengths  of  the  other  sides  being  777  in.  and 
4Win. 

_i      Jt9.  Find  the  length  of  the  diagonal  or  a  square  whose  side 
'is  one  foot  long. 

_t^     50.  Find  the  length  of  the  diagonal  of  a  cube  whose  edge 
"'"  is  one  foot  long. 

51.  What  is  the  length  of  the  edge  of  the  largest  cube 
that  can  be  cut  out  of  a  sphere  6  inches  in  diameter  ? 

Y"    52.  A  quad  measures  24  in.  by  11"7  in.  by  4*4  in.     Find  the 
"  lengths  of  the  diagonals  of  its  faces. 
A      55.  A  quad  is  14  ft.  long  by  oft.  wide  by  2  ft.  thick.     Find 

the  length  of  its  diagonal. 
*•       5 If.  The  diagonals  of  the  faces  of  a  quad  are  respectively 
25  in.,  28*79  in.  and  9'79  in  long.     Determine  the  lengths  of 
the  edges  of  the  quad. 

Find  the  areas  of  the  triangles  the  lengths  of  whose  sides 
are  respectively 
Q     J    55.  13  yd.,  10  yd.  and  18  yd. 
^    ^     '56.  13  yd.,  24  yd.  and  13  yd. 
C  57.  1.23  ch.,  5-95  ch.  and  '6-76  ch. 

C_    .      6S.  73-2  ch.,  45-5  ch.  and  87-6  ch. 

((  59.  What  will  be  the  value  at  $73  per  acre  of  .a  triangular 
piece  of  Ip^nd  the  lengths  of  whose  sides  are  478*5  chains, 
329*6  chains  and  237*4  chains  respectively  ? 
%  60.  The  lengths  of  the  sides  of  a  triangle  are  respectively 
212  ft.,  225  ft.  and  247  ft.  A  straight  line  is  drawn  across 
the  triangle  joining  the  mid-points  of  two  of  the  sides. 
Find  the  area  of  the  trapezoid  thus  formed. 

61.  The  minute  hand  of  a  clock  measures  1  ft.  3|  in.  from 
the  centre  of  its  arbor  to  the  tip  of  the  hand.  Find  the 
distance  travelled  by  the  tip  of  the  hand  during  the  course 
of  365  days. 

63.  Find  the  length  of  the  radius  of  a  wheel  which  made 
1600  revolutions  in  rolling  3*25  miles. 

6,'?.  A  circular  path  is  400  yd.  in  length  on  its  inner  edge. 
What  will  be  its  length  5  ft.  out  from  that  edge  all  around  ? 
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64.  Assuming  that  the  earth  every  365  da.  6  hr.  9  min. 

9  sec.  describes  around  the  sun  a  circle  of  92,890,000  milea 
radius,  find  the  average  speed  per  hour  of  the  earth  in  this 
path  round  the  sun. 

65.  How  many  revolutions  per  min.  does  a  wheel  5'  6^"  in 
diameter  make  if  it  is  travelling  at  the  rate  of  27^  mi.  per 
hour  ? 

66.  A  locomotive  wheel  4'  4^"  in  diameter,  making  an 
average  of  767  revolutions  per  5  min.,  travels  for  4  hr. 

10  min.     How  far  does  it  go  in  that  time  ? 

67.  The  front  and  hind  wheels  of  a  waggon  being  3  ft.  8  in. 
and  4  ft.  2  in.  respectively  in  diameter,  how  many  revolu- 
tions will  a  front  Avheel  make  more  than  a  hind  wheel  for 
every  mile  travelled  ? 

68.  The  lengths  of  the  diameters  of  the  front  and  hind 
wheels  of  a  carriage  being  3  ft.  4  in.  and  4  ft.  respectively, 
how  far  will  the  carriage  have  to  travel  before  the  front 
wheel  will  have  made  100  revolutions  more  than  the  hind 
wheel  ^ 

69.  Fiiid  one  length  of  the  eqxiator  ;  1°,  assuming  it  to  be 
an  ellipse  the  lengths  of  whose  semiaxes  are  20,926,629  feet 
and  20,925,105  feet  respectively  ;  2°,  assuming  it  to  be  a 
circle  of  20,926,202  feet  radius. 

70.  The  French  metre  was  originally  defined  to  be  the 
10,000,000th  part  of  the  length  of  a  meridian  quadrant 
taken  from  the  equator  to  the  pole.  Had  this  definition 
been  retained  what  would  be  the  length  of  a  met^r  in 
inches,  if  the  length  of  the  polar  axis  <tf  the  earth  be 
41,709,790  ft.  and  the  length  of  the  equatorial  diameter  be 
41,852,404  ft. 

71.  Find  the  area  of  a  circle  of  2^  in.  raditte. 

72.  Find  the  area  of  a  circle  of  ^  in.  in  diameter. 

7S.  The  circumference  of  the  circular  basin  of  a  fountain 
measures  117*81  ft.  on  the  outside  of  the  masonry  and  the 
thickness  of  the  masonry  is  30  in.  Find  the  area  of  the 
surface  of  the  water  within  the  basin. 

74.  A  cent  is  an  inch  and  a  penny  is  iV  ft-  in  diameter. 
If  a  cent  lie  wholly  on  top  of  a  penny,  find  the  area  of  the 
upper  surface  of  the  penny  i-emaining  uncovered. 

75.  A  rectangular  room,  27'  6"  by  13'  6",  has  a  semicircular 
bow-window  8  4"  in  diameter,  thrown  out  at  the  side.  Find 
the  area  of  the  floor  of  the  whole  room. 

76.  The  perimeters  of  a  circle,  a  square  and  an  equilateral 
triangle  are  each  6  ft.  in  length.  Find  by  how  much  the 
area  of  the  circle  exceeds  the  area  of  eacl»  of  the  other 
figures. 
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71.  A  circular  fish-pond  whose  area  is  2*5  acres  is  sur- 
'  rounded  by  a  walk  3  yd.  wide.     Find  the  cost  at  9  ct.  per 
square  yard  of  gravelhng  the  walJc  from  its  outer  boundaiy 
to  within  one  foot  of  the  edge  of  the  pond. 

18.  Three  circles  of  2  ft.  radivis  each,  touch  each  other. 
Find  the  area  of  the  figure  enclosed  by  them. 

79.  An  elliptic  flower-bed  is  described  by  means  of  a  string 
16  ft.  long  passing  over  two  pegs  6  ft.  apart.  What  is  the 
area  of  the  bed  ? 

80.  A  lawn  in  the  shape  of  an  ellipse  the  lengths  of  whose 
axes  are  98  ft.  and  58  ft.  is  surrounded  by  a  walk  2  yards 
wide.     Find  the  area  of  the  walk". 

<81.  The  length  of  a  cylinder  is  22  ft.  and  its  least  girth  is 
22  in.     Find  the  area  of  the  mantel. 

A      82.  Find  the  area  of  a  right  circular  cylinder  of  25  in. 
^  altitude  and  12  in.  radius  of  base. 

p     83.  Find  the  area  of  the  whole  surface  of  a  right  circular 
^— cyUnder  of  15  in.  radius  and  5  ft.  altitude.   A 

8Jf.  Find  the  area  of  the  wJiole  svirface  of  a  cylindric  pipe 

8  ft.  6  in.  long  and  an  inch  and  a  quarter  thick,  the  length 

of  the  internal  diameter  being  10^  in. 
85.  Find  the  area  of  the  mantel  of  a  right  circular  cone 

whose  dimensions  are,  slant  height  4  ft.  6  in.,  length  of 

radius  of  base  1  ft.  3  in. 

Nk56.  How  many  yards  of  canvas  32  in  wide  will  be  required 

to  make  a  conical' tent  15  ft.  wide  and  10  ft.  high,  if  10%  of 

the  canvas  is  cut  away  or  turned  in,  in  the  making  of  the 

tent. 

X  S7.  Find  the  area  of  the  surface  of  a  sphere  of  3  in.  radius. 

>  88.  Find  the  area  of  the  surface  of  a  sphere  12  inches  in 

circumference. 
0  89.  Find  in  sq^uare  miles  the  area  Of  the  surface  of  the 

earth  assunaing  it  to  be  practically  an  oblate  spheroid  the 

lengths  of  whose  semiaxes  are  20,926,202  feet  and  20,854,895 

feet  respectively. 

A    90.  The  length  of  the  radius  of  the  base  of  a  right  circular 
Cylinder  is  5  in.  and  the  altitude  of  the  cylinder  is  8  in.   Find 

its  volume.    ^ 

91.  Find  the  content  of  a  cylindrical  measure  8  in.  deep  by 
10^  in.  diametei*. 

92.  Find  the  content  in  gallons  of  a  cylindrical  measure 
10^  in.  deep  by  8  in.  diameter,  taking  25  qt.  to  the  cu.  ft. 

93.  A  cubic  foot  of  brass  is  drawn  into  wire  the  twentieth 
of  an  inch  in  diameter.     Find  the  length  of  the  wire. 
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(94.  Mr.  C.  V.  Boys  has  drawn  quartz  fibres  which  have 
been  estimated  to'  be  only  the  millionth  of  an  inch  in 
diameter.  How  many  miles  of  such  a  fibre  would  a  grain 
of  sand  make,  the  grain  being  a  right  circular  cylinder  one- 
hundredth  of  an  inch  long  by  one-hundredth  of  an  inch  in 
diameter. 

95.  Find  the  thickness  of  the  lead  in  a  pipe  of  three- 
quarter  inch  bore,  if  10  ft.  of  the  pipe  weigh  21  lb.  and  a 
cubic  foot  of  lead  weigh  712  lb. 

96.  Find  the  volume  of  a  cone  whose  slant  height  is  65  in. 
and  whose  base  is  a  circle  32  in.  in  diameter. 

97.  How  many  gallons  will  a  hemispherical  bowl  18  inches 
in  diameter  hold  ? 

98.  Find  the  weight  of  a  sphere  of  lead  3*75  inches  in 
diameter,  the  lead  weighing  712  lb.  per  cubic  foot. 

99.  Find  the  vohime  1°  of  the  greatest  sphere,  2°  of  the 
greatest  hemisphere,  that  can  be  cut  out  of  a  cube  of  wood 
measuring  7  "5  inches  on  the  edge. 

100.  Find  the  thickness  of  an  8-inch  shell  of  half  the  weight 
of  a  solid  ball  of  the  same  diameter  and  of  liKe  material. 

101.  If  the  atmosphere  extend  to  a  height  of  45  miles  above 
the  earth's  surface  Avhat  ratio  will  its  volume  bear  to  that 
of  the  earth  assumed  to  be  a  sphere  of  7912  miles  diameter  ? 

103.  A  Stilton  cheese  is  in  the  form  of  a  cylinder,  a  Dutch 
cheese  is  in  the  form  of  a  sphere.  Find  the  length  of  the 
diameter  of  a  Dutch  cheese  weighing  9  lb.,  a  Stilton  cheese 
8  inches  in  diameter  and  7  inches  high  weighing  6  lb. 

103.  Find  the  volume  of  the  earth  assuming  it  to  be  an 
oblate  spheroid  of  41,709,790  ft.  polar  axis  and  41,852,404  ft. 
equatorial  diameter. 

104.  On  examining  and  taking  the  dimensions  of  a  steep 
cistern  which  was  supposed  to  be  perfectly  cylindrical,  I 
found  the  lx)ttom  cross  diameters  to  be  70  inches  each,  but 
the  top  diameters  were  08  and  72  inches  respectively.  The 
depth  of  the  vessel  was  65  inches.  What  is  the  difference 
in  the  capacities  of  the  true  cylinder  at  70  inches  diameter 
and  the  one  examined  ? 

105.  A  steep  cistern  in  the  form  of  a  frustum  of  an  elliptic 
cone,  the  cross  diameters  at  the  bottom  being  84  and  61 
inches,  and  the  diameters  at  the  top  72  and  57  inches,  is  .oO 
inches  deep,  and  is  filled  to  the  depth  of  25  inches  with  dry 
barley.     How  many  cubic  inches  does  it  contain  ? 

106.  A  cylindrical  iron  tank,  20  feet  long  and  4  feet  6  inches 
in  diameter,  was  placed  horizontally  on  a  flat  car  and  filled 
with  oil  at  Petrolia.  When  it  arrived  at  Toronto,  it  was 
found  upon  being  dipped  from  the  top,  to  be  10  inches  to 
the  surface  of  the  oil.     What  was  the  wantage  in  gallons  ? 
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ANSWERS 


Exercise  LXXVL— (Page  159).— i.  $18.    2.  $32-25.    3.  $55-60. 

4.  $15-10      5.  $12-39.     6.  $5-28.     7.  $5-73.     8.  $3-35.     9.  $0-17. 

10.  $809.  ii,  $567.82,  12.  6%.  i5.  7%.  i^.  5%.  i5.  6%. 
/6.  1  yr.  276  da.  i  7.  128  da.  i5.  Oct.  13.  i9.  20yr.  ^0.  25yr. 
fi.  8%  ;  8-034%.    22.  $7-27 ;  $7.14.     23.  1H%.    ^^.  10-267%. 

Exercise  LXXVII.-(Page  162).-i.  $926-10 ;  $126-10. 

2.  $407-19;  $72-19.      3.  $281-38;  $31-38.      4.  $404-83;  $38-16. 

5.  $763-95;    $44-45.      6.    $1-08.       7.    $1-0609.      S.    $1-061364. 
9.  1-157625.     10.  1-276281,     11.  1-4071.     12.  1-040604. 

13.  1-082857.     14.  1-126825. 

Exercise   LXXVIII.-(Page  163).— i.  $22-58.       2,    $2364 -as. 

3.  $71-41. 

Exercise  LXXIX.— (Page  165), -i.  12  Nov.     2.  17  Dec. 

5. '30  June.       4-  9  iiios.       J.  "itiOct.      6.  2  Nov.      7.  14  Sep. 
<S'.%July.  H- 

.exercise  LXXX.— (Page  170).— i.  $3275.     2.  $12;?7-50. 

5.  $32700.     4.  $10468-75.     5.  $69231-25.     6.  $6792-04. 

7.  $182062-50.    S.  $111000.     ,'>.  $22812-50.     10.  $712-50. 

11.  $42C>0.  12.  $210.  13.  3-24%.  I4.  125:126.  15.  110^. 
16.  117^.     17.  90i.     18.  280.     19.  $15807-63. 

20.  $19989  ;  $827-50  ;  4-14%.  21.  $18000  ;  $840.  22.  $160000. 
23.  $35938-44.    24.  $3114-14.     25.  102|. 

Exercise  LXXXI.— (Page  173).— i.  $656-25,  $1003-75. 

2.  $1070-30,  $789,  $1296-70.    3.  $18004-83,  $13495.17. 

4.  $20419-64,  $34486-50.    5.  $13138-05,  $10019-95. 

6.  $88a\  $10400.     7.  $11000 ;  $432,  $576. 

8.  $16434-78,  $24260-87.     9.  $185-81,  $126-99,  $121-40. 

10.  $2216-98,  $2480-08,  $3152-94.      11.  $9368-20,  $10021 -Sd. 

12.  $13000,  $8000.     13.  $935005,  $545455,  $519480. 
Exercise  LXXXII.— (Page  180).— i.  Between  41,709,500  ft. 

anil  41,710,500  ft.  ^7^.     2.  7^^,. 

3.  To  5  sig.  fig.,  13-596.     4.  To  4  sig.  tig.,  13-60,  7,4^. 
31.  1907-1854  Kg.     32.  1016-048  Kg.     33.  1609-33  m. 

34.  119.601  sq.  yd.  35.  40-4679  a.  36.  28-316  1.  37.  4-541028  1. 
5,9.  62.35611).     59.  277-118  cu.  in.     40.41,773,300  ft. 


ANSWERS. 

Exercise  LXXXIII.-(Page  182).-75,  $1000^1-04\ 
76.  $1000^1-02'^      77.  $1000 ^1-01' 2,       7^,  $31-25.       79.  $25^ 
SO.  $27-06.       SI.    $27-35.       S;2.  3rd,    $100(  1-03^ +  1-03  +  1) ; 
6th,    $100(1 -03 '^  +  1-03*  +  1-03="  +  1-03^  +  1-03+1)  ; 
$309-09,  $418-36,  $530-91,  $646-84.     S3.  $923. 
Exercise  LXXXVII.— (Page  190).-i.  33'  7-2". 

5.  62'  8-625",  80'  8-625".    S.  0-2".    4-  8'  2-182".    5.  5081  yd. 

6.  $384-38.     7.  384  sq.  in.,  315-375  sq.  in.    8.  36  ft. 

9.  58-9  ft.,  92-57  ft.     10.  31-7495  A.     11.  53  sq.  ft.,  63  sq.  ft. 

12.  551  sq.  ft.,  1653  sq.  ft.,  2755  sq.  ft. 

13.  4-63392  A.,  4-80096  A.,  4-968  A.,  5-13504  A.,  5-30208  A. 

14.  146  yd.  2  ft.  15.  8-415978  A.  16.   1549  gal.  17.   1  in. 

15.  12  in.  19.  68-921  cu.  in.  SO.  87-72  sq.  in.  21.  335-41  cu.  in. 
ZS.  2-211  in.  23.  649-.52  cu.  in.  ^^.  5-4  in.  25.  6-8457  in.  square. 
26.  645-225  lb.  ^7.  0-000,006,7  in.  28.  236-32  lb.  29.  584 -.59  lb. 
5(9.  5066  cu.  in.  31.   50  cu.  ft.  288  cu.  in. 

32.   117,  333.  333J  cu.  yd.  33.   159-25  cu.  yd.  34.   406  gal. 
'/T6'*  ?3^'   aW^al.  36.   11840  cu.  ft. 

37.  3464344  cu.  yd.,  3096908  cu.  yd.  SS.   1492-36  cu.  ft. 
39.  30-484  cu.  ft.  40.   5128-27  gal.  41.   5776-71  lb.  42.  7008  lb. 
,'  ^34^  244-369 cu.  ft.  44.   771  cu.  in.  45.   32-64 cu.  in.,  37*44 cu.  in. 
'  4IB.   64J  cu.  ft.  47.   13954-3  lb.  4S.   905  in.  49.   17  in. 
50.   20-75  in.  51.   3-464  in.  52.   26-7  in.,  24-4  in.,  12-5  in. 
53.   15  ft.  54.   4-29  in.,  8-8  in.,  23-4  in.  55.   60  sq.  yd. 

56.  60  sq.  yd.  57.  2-9274  sq.  ch.  5S.  166-417  A.  59.  $260653. 
CO.   16672-5  sq.  ft.  61.   13  mi.  1200  yd.  62.   20-5  in. 

C5.  410  yd.  1  ft.  5  in.  64.   66579  mi.  65.   138 {|.  66.   99|H  mi. 

C7,  54H.  68.   2095,\  ft.  <79.  43,827,033  yd.,  43,827,7.35  yd. 

70.   1-093827  yd.  71.   19^  sq.  in.  72.  U  s<l-  in- 

73.  829-58  sq.  ft.     74-  iU  sq.  in.     75.    386-146  sq.  ft. 

76.  0-615  sq.  ft.,  1-133  sq.  ft.     77.  .$96-10    7S.  92-88  sq.  in. 

79.  62-832  sq.  ft.     SO.  1269-21  sq.  ft.     81.  40  sq.  ft.  48  sq.  in. 

SS.  19-37  sq.  ft.     SS.  49  sq.  ft.  120-6  sq.  in. 

84.   52  sq.  ft.  134-7  sq.  in.  85.   17  sq.  ft.  96-69  sq.  in.  SG.   41  yd. 

57.  113-1  sq.  in.  88.   45-837  sq.  in.  89.   196,940,000  sq.  mi. 
90.   628-32  cu.  in.  91.   693  cu.  in.  92.   5^  gal.  93.   13-89  mi. 
94.   15-783  mi.  95.   0-1502  in.  96.   16889-24  cu.  in. 

97.  5-5096  gal.  95.11-37711).  99.  110-446  cu.  in.  i99.  0-825  in, 
Wl.   153  to  1000.  102.   10-01  in.  103.   2-598817  cu.  mi.  x  10»». 
104.   68-068  cu.  in.  105.   99041  cu.  in.  106.   253  gal. 


